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Preface

This thesis is an extension of the works in the field pf parameter estimation
of the three parameter Gamma distribution. It uses and compares a new technique
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~ effectiveness of the new modified test.
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-Abstract

A new modified Anderson-Darling (A-D) goodness-of-fit test is introduced for
the three-parameter Gammé distfibution’ when the loéation parametef is found hy
minimum distance estimation and scale parameter by maximum likelihood estima-
tion. Monte Carlo simulation studies were performed to calculate the critical values
for A-D test when A-D statistic is minimized. These critical values are then used
for testing whether a set of observations follows a Gamma distribution when the

scale and location parameters are unspecified and are estimated from the sample.

In this researh, Monte Carlo simulation used 5000 repetitions for sample sizes of 5

through 40 with step 5. Gamma shape parameter is taken 0.5 through 4 with step
0.5. Functional relationship between the critical values of A-D is also examined for

each shape parameter by the variables, sample size (n) and significance level (a).

The power study is performed for sample.sizes 5 through 30 with the hypoth-
esized Gamma shape ﬁaraméter 0.5,2.0,1.5,2.0,3.0 against alternate distributions.
The significance levels 0.01,0.05,0.10,0.15,0.20 are used dufing the entire work. Also,
for shape paramcters 1.5 and 4.0 (with two significance levels and three sample sizes)
some power comparisons are made with the test which uses MLEs for location and

scale. In most cases, the modified test looks better.

X



A MODIFIED ANDERSON DARLING
GOODNESS-OF-FIT TEST
FOR THE GAMMA DISTRIBUTION WITH
UNKNOWN SCALE AND LOCATION PARAMETERS

I. INTRODUCTION

1.1 Background

Nations face many challenges in the national security environment. These chal-
lenges cause develépment of the weapon and the support systems. New téchnologics
increase the complexity of the new systems and these complexities can cause prices
to climb higher and higher. Because of the nation’s limited defense budget the reli-
ability of these systems becomes more important. “The reliability of a system is the
probability that, when operating under stated enviromental conditions, the system
will perform its intended function adequately for a specified interval of time [30:1]."

Reliability analysis uses some statistical techniques to find out the failure rate of the

systems or the componenets of the systems during their operational life. Estimations

about the failure rate are based on the model function. Well-estimated parameters
of the model function can provide more accurate results on the reliability analysis.
Probabilistic or statistical mbdcling and associated analyses have a great importance
in making decision in diverse ficlds. Choosing an inappropriate rﬁodel can make the

analyses meaningless or uscless.




“Improve constantly and forever every activity.”

“The Japanese call this kaizen, meaning continuous s'eyarching for incremental
improvement. And they believe, it can be achieved by integrating the research and
development effort with the.actual production facility and devoting a lot of time and
money to “getting the process right” and tiien continually makiﬁg it better. The key

factor is the pefvasive use of statistical methods [29:4].” The need for statistics flows
naturally from the recognition that data collection and analysis is necessary to the
solution of quality problems. Nne of the most important factors that contributed
to the success of management is the utilization of modern statistical methods for
quality control and reliability. Good decisions are based on facts, not opinions and

emotions [25:v]. The British physicist Lord Kelvin put-it this way:

~“When you can me‘a.sul'"e what you are speaking about and express it in num-
bers, you know something about it; but when you cannot measure it, when you
cannot express it in numbers, your knowledge is of the meager and unsatisfactory
kind [29:5].” '

Data collection is one of the most important pha,ses' of the statistical model-
ing. After the collection of the data, statisticians try to estimate the l)fdbal)ility
distribution which most closely fits the data. Next, goodness-of-fit tests put forward
how well the hypothesized distribution corresponds to the éample data. Cohen and
‘Whitten [12] points out the the important role of the skewed distributions in the
analysis of sample data originating from life span, reaction time, reliability, survivor
and related studies. They are also useful as models for life tests and models for dis-
tributions of some items of interest in economic and financial studies. The Gamma
is a distribution which is positively skewed and along with the Weibull, lognormal
and inverse Gaussian distributions. In some details it resembles the Weibull. Jaines
calls attention to this “The Gamma distribution has the flexibility to describe a
mixture of chance and wearout failures [28:1]. It has been widely used to model the

time-to-failure distribution of electrical, mechanical, and clectra-mechanical systems
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[6:243].” Kapur and Lamberson [30], Law and Kelton [32], Scheaffer and McClave
[43], Hogg and Ledolter [25], and Ireson [27] p-rovide some numerical examples and
illustrate the appropriate use of the distribution on the areas given above. This
research addresses the problem of estimating the location and scale pzirameter of a
_three-parameter Gamma distribution when the shape parameter is fixed as a con-
stant. It consists of the distince estimation teéhnique for the location parameter

and mazrimum likelihood for the scale parameter.

After having the data sample set from the specified model, statistical theory
approaches tu the estimation by the way of trying to determine the properties of
the p'a.rameters of the specified model. The specified model is a density function

of a known family of distributions. Several estimation techniques can be found to

estimate the parameters of a statistical distribution from observed data. Some of the -

well-known estimating methods are the method of moments, least squares, Bayes,
chi-square, maximum likelihood and minimum distance.
In summary, the minimumn distance (MD) estimation method minimizes the

distance between the cumulative distribution function (CDF) values of the sample

data and the empirical distribution function (EDF). The distance betiveen the CDF

and EDF is measured by a goodness-of-fit statistic. The method adjusts the pa- _

rameters until the distance is minimized. The final result is the estimate of the
parameters. The likelihood function tells us how likely the observed sample is as a
function of the possible parameter values. Maximizing the likelihood for data gives

the parameter values for which the observed sample is most likely to have been gen-

erated - that is, the parameter values that “agree most closely” with the observed

data [16:247-248). The value of a given parameter that maximizes the likelihood

function is called a maximum likelihood estimate (MLE) of that parameter.




1.2 Prgblem Statement

| There has been many studies completed in the areas of parameter estima-
tion of the three parameter Gamma distribution. minimum distance estimétion and
maximum hkelihood estimation techniques, however in this thesis I have used both
techniques respectively for location parameter and scale parameter keeping the shape
parameter constant. The objective of the research was to derivé critical values'for a

new-test statistic, to examine the power of the new test and to put forward a compar-

ison with the previous study in which MLE had been used in. The Anderson-Daﬂing

(A-D) test statistic has been chosen because the current knbwledge -according to the
previous studies- encourages to use this statistic. It is satisfactory with distributions

having tails similar to the Gamma distribution.

1.8 Assumptions

In this thesis effort, we assumed that the shape parameter of the three-parameter

Gamma distribution as known and location and scale parameters are not known. The

" location pémrameter determines the guaranteed life, the scale parameter determines

the relative scale of the distribution and they both will be estimated. Another as-

sumption, z,,...,Z, is a complete random sample from an unknown distribution.

1.4 Scope

The goal of the research was to derive a new Anderson-Darling (A-D) test
statistic with accompanying critical values and to provide a useful tool to reliability

test engineers. After the critical values are derived a power study will be performed.
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1.5 Methodolcgy

The methodology describes the steps that will be taken to achieve the dbjective.
In this effort, the first step was generation of N random Gamma deviates. I used
sample size 5 through 40 with a étep of 5 (5,5,40) for the critical values and 5 through
30 with a step of 5 (5,5,30) for the power study. Next steps include calculation of
MLE’s as the initial estimates of the unknown parameters, location and scale and
recalculation of location by MD and scale by MLE. .After calculation of goodness-of-

fit statistics, critical values have been found.

During the power study, N réndom déviates have been generated from alter-
‘nate distributions. The critical values obtained in the first section of the study have
been used in the study for every shape pa.ranieter. Rejection numbers have been |
taken and the rejection percentages have been used as the power. In both of-the
studies 5000 repetition was applied to the steps. The detailed information and the

tables for critical values and the power studies are proposed in the following chapters.

1.6 Support Materials and Equipment

This research requires some computer routines to perform the steps given in the
methodology. AFIT computer resources (SUN SPARC STATIONS) have been used
during the studies. Two Fortran codes for the critical values and power study were
prepdred and given on appendices A and B respectively. Verification of the codes
are ensured by Mathcad (A mathematical software available on the scool systems).

All different steps gave the same results and numbers.




II. LITERATURE REVIEW

2.1 Introduction

= One of the fundamental tasks of engineering and science, aind indeed of mankind |

| in general, is the extraction of information from data. Parameter estimation is a dis-
cipline that provides tools for the efficient use of data in the estimation of constants
appearing in mathematical models and for aiding in modeling of phenomena [4:1].

’ Unfortﬁnately there is no “regular” method to obtain efficient estimators of pa--

rameters of density based on a sample of a fixed size [48:73]. Difficulties arise in

estimating parameters in experiments for which the parameters themselves are not

directly measureable.

The derivations and application of modern estimaters and estimation algo-
rithms are buried in the technical literature on communication theory, statistics,
- control theory and others. Estimation theory originated with in the broad area
of statistics and gradually found its way through many disciplines of science and

~ engineering [38]. S EE R S

Many studies have been accomplished in the areas of parameter estimation,
goodness-of-fit - techniques and skewed distributions. A literature search has been
completed on the random number generation, maximum likelihood estimation, min-
imum distahce method and goodness-of-fit tests. The fo]lowing paragraphs will re-
view several parts of the research and some others will be included in the discussion

of the methodology.
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2.2 Discussion

2.2.1 Marimum Likelihood Estimation. The method of maximum likeli-

" hood has been recommended by many statisticians, at least when the sample size

is large, since the resulting estimators have certain desirable efficiency properties.
The likelihood function tells us how likely the observed sample is as a function of
the pbssible parameter values. Maximizing the likelihood gives the parameter val-
ues for which the observed sample is moét likely to have been generated.— that is,
the parameter values that “agrée most closely” with the observed data [16:247-248].
The value of a given parameter that maximizes the likelihood function is called a

maximum likelihood estimate of that parameter.

Let zy,...,2, be a set of n independent random samples drawn from a given

population. The population is characterized by a probability density function f,(z;8) =

fa(Z1, .y o3 8). 8 is"a parameter of the population d.istribution. The likelihood func-

* tion L is defined in this case by the relation

L(zy,...,z,;0) = fn(ml,...,xn;ﬁ)' (2.1)
= f(1;0)f(x2;0)...f(zn; 0) (2.2)
= 1:[1 f(z:;0) | : (2.3)

In other words, when the sample values are given as well as the function form of
the population probability density function, the likelihood function can be regarded
as a function of the distribution parameter . A similar relation holds in which the
density functions are replaced by the probability distribution functions. The method
of maximum likelihood is one of selecting an estimate 8 for 6 which will maximize the
likelihcod function L. Sihce InL is a monotonic function and attains its maximum

when L is a maximum, and the likelihood function given above is usually solved for
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the estimate § by considering the simpler expression

J ; 0 &
-5511111 =0= %‘glnf(d,,-,‘ﬂ), (24)

rather than the usually cumbersome form of

d g , |
sl =0=7;[1/(z:0) (2.5)

=1

Any solution 6 for 0 which satisfies the equation above and is identically a constant
is called an MLE(Maximum Likelihood Estimate) of §. Above equation is called the
likelihood equation|15:134].

“The method of maximum likelihood was first introduced by R.A.Fisher, a
geneticist and statistician, in the 1920’s [16:247]. Maximum likelihood is the most

common and acceptec method of parameter estimation. This method selects values

- as estimates that maximize the likelihood of the observed sample, where the likeli-

hood function is the joint density function [35:419].” Harter and Moore presented an
iterative algorithm to compute the maximum likelihood estimates (MLEs) for the
Gamma and Weibull distributions [21:639-643]. Harter and Moore also had a study
on asymptotic variances and covariances of maximum likelihood estimators, from
censored samples, of the parameters of Weibull and Gamma distributions {22:557-
570]. Woodruff and Moore used maximum likelihood estimation for the location and
scale para;meter estimates of the Weibull and they developed a modified goodness-
of-fit test for the Weibull distribution [65:113-120]. Viviano [50] presented a thesis
on goodness-of-fit for Gamma distribution by using the MLE’s of the location and
scale parameters. His study was the referance used to make the comparisons dur-
ing this thesis effort. He also stated the shape parameter in the hypothesized null

distribution but didn’t use the M-D estimate of location. After the results of this

study comparison tables and graphs were prepared to identify the effectiveness of |

each method.




or more [9:1147-1188].

Kappenman used a new procédure, in his sﬁudy of “On a Method for Select-

ing a Distributional Model”, that consists of computing the logarithm of the ratio
of the maximized Gamma likelihood function to the maximized Weibull likelihood
function and selecting the Gamma model if, and only if, this logarithm is positive.
In this study the maximized Gamma l'ike]ihood function is obtained by replacing

the parameters in the Gamma likelihood function with their maximum likelihood

estimates {31:663-672). Bowman and Shenton revisited the maximum likelihood

estimators for the Gamma distribution and stated a new algorithm for the evalu-
ation of the maximum l\ike]ihood estimators of the two—parameter Gamma density
[8:697-710]. Recently, Ro's‘aiah, Kantam and Narasimham studied on optimum class
limits fdr ML estimation in two-parameter Gamma distribution from grouped data

[41:1147-1179].

For the three parameter case, Cohen and Whitten presented an article which
is concerned with modifications of both maximum likelihood aﬁd moment estima-
tors for paraméters of the three-parameter Gamma diétribution. And for certain
combinations of parameter values they got better estimators [13:197-216].l Bowman
Shenton and Lam introduced a new algorithm for the solution of the three para.rheter
model. They basically dealt with the simulation and estimation problems associated

with the three-parameter Gamma density, and their study refered to samples of 50

The theory of maximum likelihood estimators provides no answers .tb the ques-
tion concerning the properties of estimators for samples of finite size. The theory only
guarantees that the maximum likelihood estimators a.éproach the efficient ones as the
sample size increases. “The reason that lﬁaximum likelihood estimates lack resonable
small-sample-size properties and do have reasonable large-sample-size properties is

that the estimator is based upon trying to find the mode of a distribution by attempt-

~ ing to select the true value of a parameter. Estimators, in general, are designed to

approach the true value rather than hitting it exactly right. Thus, one inight expect
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. that other statistics such as the mean or the median of the a posteriori distribution

should be better choices. The fact that the mode, mean and median values can vary
significantly for small sample sizes leads to the undesirable characteristics of MLE
for these cases. On the other hand, for large samples, the a posteriori distribution

tends to become more or less independent of the a priori distribution, and the mode,

mean and median statistics approach each other. Thus, it is not surprising that -

- MLE has satisfactory asymptotic characteristics for large samples [15:135-136].”

Law and Kelton [32:370] listed that MLEs have several desirable statistical

properties as follows:

1. For most of the common distributicns, the MLE is unique; that is, L(é) is

strictly greater than L(0) for any other value of L(8).

2. Although MLEs need not be unbiased, in general, the astmptotic distribution

(as n — 00) of § has mean equal to 8 (see property A below;/).

3. MLEs are invariant; that is, if ¢ = h() for some function &, then the MLE
of ¢ is h(6). (Unbiasedness is not invariant.) For example, the variance of an
expo(f) random variable is 32, so the MLE of this variance is [X(n)]?.

4. MLEs are asymptotically normally distributed; that is, \/n(6—6) 2 N(0,6(8)),
where §(0) = —n/E(d*/d0?)(the expectation is with respect to X;, assuming

that X; has the hypothesized distribution) and dénotes convergence in dis-
tribution. Furthermore, if é is any other estimator such that \/n(f — ) >
N(0,0?), then §(f) < o%. (Thus, MLEs are called best asymptotically nor-

mal.)

5. MLE:s are strongly consistent; that is, lim,,_.ooé = f(w.p.1).

2.2.2 Minimum Distance Estimation. The minimum distance estimation

method minimizes the distance between the cumulative distribution function (CDF)

o
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EDF

>
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Figure 2.1. Cumulative and Empirical Distribution Functions. Figure also shows
that parameters have a direct effect on the distance to be minimized.

values of the sample data and the empirical distribution function (EDF). Where
“The EDF is step function, calculated from the sample, which estimates the pop-
ulation distribution function [46:97].” The CDF values come from a parameterized
family of theoretical distribution functions. The EDF fof n ordered data points

Z(1), T(2), - #(n) 18 a step function given by

T I T T O, < x(l) ST

EDF(z) = L 2 T < Ty, t=1,.,(n—1) (2.6)
1, T Z m(n)

The distance between the CDF and EDF is measured by a goodness-of-fit statistic.
Method adjusts the parameters until the distance is minimized. The final result
is the estimate of the parameters. The proposed new goodness-of-fit test will use
a minimum distance estimator for the location parameter .and MLE for the scale

parameter.




Wolfowitz introduced the 'minimum distance (MD) method in the 1950’s and
showed that the minimum distance estimators are consistent. “In many stochastic
structures where the distribution function (d.f.) depends continuously upon the
parameters and d.f.’s of the chance variables in the structure, those parameters and
d.f.’s which are identified (uniquely determinéd by the d.f. of the structure) can be
strongly consistently estimated by the minimum distance method [46:75].” Wolfowitz

pointed out the importance of his work with minimum distance estimators;

“A great utility of the minimum distance method is that, in a wide variety of
probléms, it will furnish super-consistent estimators even when classical methods,

like the maximum likelihood method, fail to give consistent estimators [52].”

Wolfowitz’s initial minimum distance estimator measured the distance between
two cumulative distribution functions, Fl(x)'a.nd F>(z), and the distance, 6( Fy, F3)

is defined by

Sup

S(FL,F)=r1

|F1(z) — Fy(z)| (2.7)

Wolfowitz emphasized the applicability of this method for a broéd range of distance
techniques [52]Wol. Sahler studied conditions for the existence and consistency of
MD estimates [42:13]. “Knusel examined the robustness of the MD method in 1969
and showed that MD estimators have similar robust properties as the maximum
likelihood estimators [14:2-3]. Robustness refers to an estimation proceduré that is
good for a broad class of undérlying models, but which is not necessarily the best
estimating procedure for any one model [23:237].” Brean [5] has considered some
D-estimators which require numerical integration and density estimation for their
evaluation, but possess excellent asymptotic efficiency properties. Hobbs, Moore
and James studied on the minimum distance estimation of the three parameters of
the Gamma distribution. In their study, several new estimators were developed for
the three-parameter Gamma distribution using minimum distance estimators for the
location parameter with the remaining parameters determined by maximum likeli-

hood estimators. They presented all relative s-efficiencies generated with sample size

[ o]
0
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of 8 and 20 and obtained the guarantied minimum relative efﬁciénéy. Hobbs, Moore
and Miller developed a 3-phase estimation technique and applied to the 3-parameter
- Weibuli distribution.. All of the estimators were better than the maximum likelihood
estimators. And the technique using the Anderson-Darling statistic provided. the
best overall estimates of the parameters [24:495-496]. Charek, Moore and Coleman

' compared the minimum distance estimation with best linear unbiased estimation to

determine determine which technique provides the most accurate estimates for loca- -

tion and scale parameters as applied to the 3-parameter pareto distribution. They
found as a result that the best linear unbiased estimator provided more accurate
estimates of location and scale than did the minimum distance esﬁmator_s tested

[10:1395-1407). Gallagher and Moore proved that minimum distance estimation on

the location parameter and maximum likelihood on the scale and shape parameters

of the Weibull distribution is preferred over maximﬁm likelihood estimates of all
three parameters {18:575-580]. Recently Crown [14] studied the similar teghnique,
which is used in this study, for the Weibull distribution. In most cases, minimizing

the Anderson-Darling distance statistics to estimate the Weibull location parameter

had more power than minimizing the Cramer-von Mises distance statistic. In his

power study, the true null hypothesis achieved the expected level of significance.

LetT = {Fy(-), 0eQ} represent a parametric family of distfibutions, in this case

the Gamma. Fy(z) is an estimated distribution of the Gamma using the maximum -

likelihood and method of moments to determine the parameter estimates for the dis-
" tribution function. Let G,(-) denote the EDF based upon a random sample of size
n, from the true distribution, G(:). §(Gp, Fp) will denote the measure of discrepancy

between the two distribution functions. (Gathered together from [42] {45] [39].)

2.2.2.1 Kolmogorov Distance.

Sup

Dy(Gn, Fy) =% |Gu(a) - Fo()l[Fo(z)] (2.8)
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with interest given to (-) = 1.

Stephené’ computational formula;

DY = max|(i/n) - Zi] 1<i<n
D~ = max[Z;—-(i—1)/n] 1<i<n
D = max[D*,D"]

- where Z; = Fy(z;).

2.2.2,2 (Cramer-von Mises Distance.
W(Gn, Fo) = [ (Gu(z) = Fo(a)]" $ [Fale)] dFi(z) (2.9)

with interest given to y(:) =

Stephens’ computational formula;

Z[Z (2i —1)/20)% + (1/12n) ' (2.10)

i=1

where Z; = Fy(x;).

2.2.2.3 Anderson-Darling Statistic.  The Anderson-Darling statistic
is a spacial case of the Cramer-von Mises distance and it is one of the the more power-
ful empirical distribution function based tests of fit in a wide range of circumstances,

where ¥(u) = 1/[u(l — u)],0 < u < 1 and takes the form

AUGw o) = [ [Gale) = Fala)P (Fola) [ - Fo(@)] ™ dFo(z)  (211)

Stephens’ computational formula;

Al = . [[Z(?z - 1)[inZ; + In(1 ~ n+1—l)]] /nJ -n (2.12)

1=1
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where Z; = Fy(z;).

Sinclair, Spurr and Ahmad worked on a modiﬁed A-D statistic that gives more
weight to the larger and smaller data values [44:3677-3686]. Parr [39] indicated that
four items were requiied to develop a minimum distance estimator: a set of data, a
parametric model, a distance mccsure; and a minimization routine. In this thesis,
data sets are generated by International Mathematical Statistics Library '(IMSL)
subroutine RNGAM. The parametric model is the three-parameter Gamma CDF.
Ahderson-Darling statissic is used as the distance measure. And subroutine MINDIS

is used for the minimization routine.

2.2.8 Goodnes:wof-lit Tests. A goodness-of-fit test is a statistical hypoth-
esis test that is used to asless formally whether the observations X, X3, ..., X, are

. ‘ . A
an independent sample fro}n a particular distribution with distribution function F.

That is, a goodness-of-fit tht can be used to test the following null hypothesis:
H,: The X;'s are i.i.d. random variables with distribution function /.

We should '.'ememb(i thatv, fai_lure to reject H, should not be interpreted as
“accepting H, a3 being tr( e.” These test are often not very powerful for small to
moderate sample size n; that is, they are not very sensitive to subtle disagreements
between the data and thefﬁtted distribution. Instead, they should be regarded as
5, systematic approach for detecting fairly gross differences. On the other hand, if
n is very large, then these test will almost always reject H,. Since H, is virtually
never exactly true, even & minute departure from the hypothesized distribution will
be detected for large n. This is an unfortunate property of these test, since it is

uvsually sufficient to have a distribution that is nearly correct [32:380-332).

“Goodness-of-fit tests are rigorous way of checking to ~ee whether the data we
observed do, in fact, agiee with the underlying probabilistic model we assumed for

these data [43:348]." The oldest and probably the most commonly used goodness-
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of-fit test is the chi-square test. In a simple case, it is a comparison of a histogram
or line graph with the fitted density or mass function. vlf we devide the entire range
of the fitted distribution into k intervals, and let N; be the number of X;’s in the
jth interval and p; be the expected proportion of the X;’s that would fall in the jth

interval; the test statistic is

2 _ : (N; —np))*

X' = J}; T | (2.13)
We would expéct x? to be small if the fit is good. Because the chi-square test is easy
to apply and can be used for both discrete and continuous cases, it has a wide use
in data analysis. But in comparison with the others, it has lower power, especially
when the sample size is small. The Kolmogorov-Simirnov, Cramer-von M{ses and
Anderson-Darling tests are wél]-suite.d to testing goodness-of-fit fdr continuous data
and small sample sizes. They are more robust and their use is encouraged [36].

The e(juations related to these tests are presented in the previous sections. In the

literature there are a lot of studies for the use and modifications of these tests for

different distributions (See bibliography). Stephens [45] proposed the forms of the
statistics used for the actual computations. Habib [20], Verril (49], and Chen [11]

presented their dissertations on the goodness-of-fit tests for the censored data.




III. METHODOLOGY

3.1 Introduction

The Gamma distribution is the basis for this thesis reseéu‘qh effort. So, this
chapter will begin with the description of the Gamma distribution by way of its
functions and properties. Next sections will cover the methodology steps, random
deviate generation, Monte Carlo similation, calculation of the critical values, the

power study and verification and validation.

3.2 Driscussion

8.2.1 Three Parameter Gamma Distribution.  The use of Gamma diétribu-

tion in different areas has been explained in the first chapter. In this section, density,
cumulative and some other functions, some properties and relations with the other
distributions are presented. Gamma density functions, for integer and non-integer

shape values, are drawn in the following pages (8 =1 and 6 = 10).

' 3.2.1.1 Gamma Probability Density Function.

L_go-lg=§ if z>0
(0)8 (31)

otherwise

f(z)=

(=N




where I'(@) is the gamma function, defined by
I(z) = / " lemtdy (3.2)
)

for any real number z > 0. Sorne properties of the gamma function: I'(z+1) = 2T'(z)
for any z> 0, I'(k + 1) = k! for any nonnegative integer k, '(k + N=Vr-1:3 :
IR (2k.— 1)/2* for any positive integer k, [(1/2) = /7.

" 8.2.1.2 Gamma Cumulative Distribution Function. If o is not inte-

ger, there is no closed form. If « is a positive integer, then

F(;z;).:.-_- { 1— ¢ 7 Z;:o] (3') if : z>0 | (3-3)

0 otherwise

Shape parameter a > 0, scale parameter § > 0.

3.2.1.83 MLE FEstimators and Likelihood Function. - The following
equations must be satisfied

nX;

n

Inf + ¥(é) = (3.4) |

&B =X(n) (3.5)
which could be solved numerically. [¥(&) = ['(&)/T(&) and is called the digamma
function.]

Likelihood function of the Gamma distribution with two parameters (« and 3)

B ([Tfey X"~ exp (=5 Ty X))
Xy

L(a,8) = — (3.6)
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3.2.1.4 Some Other Properties of Gamma Distribution.

1. The expo(B) and gamrha(l,ﬂ) distributions are the same,

- 2. For a positive integer m, the gamma(m,ﬂ) distribution is called the m-Erlang(8) -

| distribution,
| 3. The chi-square distribution with k df is the same as the gamma(k/2,2) distri-
Bution, .
4, If Xl,Xg;...,Xm are independent random variables with X; N‘gamma(a,-, B),

then X; + X, + -+ + X, ~ gamma(ay + o2 + -+ + am, 8)

5. If X; and X, are independent random variab. ; with X; ~ gamma(a,, 3), then

X1/(X1 + Xz) ~beta(ay, az)

6. X ~gamma(a,p) if and only if Y = I/X has a'PearSon type V distribution
with shape and scale parameters o and 1/, denoted PT5(a,1/0)

7.
‘ oo if a<l
limf(z)={ 5 if a=
10 if a>1

‘(See [32:332]).

3.2.2 Random Deviate Generation. The first step will be to generate
random samples 5,(5),40 from the Gamma distribution with scale, # = 1, location,
é = 10 and shape, a = 0.5,(0.5),4. For the Gamma distribution function, there
is no closed form for which we conld obtain an inverse; however algorithms are
available which can be used to generate random Gamma deviates. Stat \ Library

IMSL Subroutine RNGAM has been used for the generation of the deviates. These

standard deviates are converted to deviates having location é = 10 and scale 8 = 1.
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This is done by using the transformation

z=f-z4+6 (3.7)

where x represents a standard random random deviate generated by IMSL subrou-
tine. This transformation is made to avoid a problem with the parameter estimating

routine and to make better comparison with the study that is done recently.

Subroutine uses squared and halved normal deviates if a = 0.5, exponential
deviates if @ = 1, an acceptance-rejection method due to Ahrens if a < 1 and a

ten-region rejection procedure developed by Schmeiser and Lal if a > 1 [26:1003].

3.2.8 Monte Carlo Simulation Method.  One method for investigating the
effects of nonlineraity or various other effects that are difficult to analyze otherwise
is called the Monte Carlo method. This method involves the determination of the
distributions of the various elements in a system, selection of the random sample
of each element, and combining of these samples to obtain a measure of the system
performance and reliability. The process of random selection and determination of
the system effects are repeated a large number of times and, each repetition results
in another different estimate of the system characteristic that is being measured.
Beck and Arnold [4] say that, the Monte Carlo method can be used to investigate
analytically the properties of a proposed estimation method. They give an algorithm
to simulate a series of experiments on the computer. And they point out that the
procedure is so flexible. The sample properties for any model, linear or nonlinear,
and for any parameter values can be estimated. Also, you can estimate the effect
of different probability distributions upon ordinary least squares estimation or other

estimation methods.

~ “The usefulness of the Monte Carlo simulation method is based on the fact that

the next best situation to having the probability distribution function of a certain
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random quantfty is to have a corresponding large population. The implementa-
tion of the method consists of numerically simulating a population corresponding

to the random quantities in the physical problem, solving the deterministic problem

“associated with each member of that population, and obtaining a population ccr-

responding to the random response quantities. This population can then be used
to obtain statistics of the response variables.The method is a quite versatile mathe-
matical tool capable of handling situations where all other methods fail to succeed
[19:75]".

Its reliance on computers to simulate random processes is an important char-

acteristic of the Monte Carlo method. The Monte Carlo approach is used in this

thesis to generate the critical value tables for the Anderson-Darling goodness-of-fit

i

technique. The approach is to observe random variates chosen so that they directly
simulate the random process of the original problem. Basic steps of the simulation

in this study:

1. Generate sample data from the selected underlying distribution.

2. Determine estimates of the parameters by using an estimation technique on

each sample.

3. Compare the performance of the estimators.

Most of the studies until today show that 5000 repetition throﬁgh the computations

provide consistent results. So, this thesis uses 5000 repetitions to get consistent re-

sults and to save computer time.

3.2.4 Calculation of the Critical Values.  The following procedure is used

to generate the critical value tables for the modified goodness-of-fit test.

1. For a fixed sample size n and fixed shape parameter a, n standard random devi-

ates are generated using computer subroutine. Standard deviates are converted
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to the random deviates with location parameter § = 10 and scale parameter
B=1. '

2. The n random deviates are ordered, z(1y,Z(2)," ", Z(n)-

3. The ordered random deviates are used to estimate the maximum likelihood

location and scale parameters.

4. The estimated scale and fixed shape parameter are used to estimate the mini-

~mum distance estimate of location, taking the previous step as an initial.
5. The MLE for scale is recalculated.

6. Estimated location and scale parameters and fixed shape parameter are used

to determine the hypothesized distribution function.

=1

The modified Anderson-Darling test statistic is calculated.
8. Steps 1 through 7 are repeated 5000 times.

9. The values of the statistic are ordered in ascending order and 80th, 85th, 90th,

95¢h and 99th bercentiles are used as the critical values of the test.

3.2.5 Power Study.  After the critical values have been calculated, a power
study can be completed by using the different samples generated from different dis-
tributions. During this study IMSL random number generation subroutines are used
for sample sizes 5, (5), 30. Once the samples nave been generated, a random sample
can be tested with the null hypothesis that the data is from a Gamma distribution
with estimated parameters, versus the alternative hypothesis that the data is in fact
from the distribution used in generating the samples. The alternate distributions.

used in the power study are:

1. Gamma distribution that is used in the null hypothesis is taken as the alternate

distribution for the validation of the study
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Calculate

A-D Statistics

Find the Critical Valu~s
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Figure 3.3. Flow Chart of Finding the Critical Values
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2. Gamma, shape a = 2.5
3. Gamma, shape a = 4.0
-4. Weibull, shape a = 2.0
5. Weibull, shape a = 3.0
6. Uniform, U{10,15)
7. Lognormal, LNL(w =0, p=1)
8. Lognormal, LNL(w =0, p = 2)
9. Beta, Blp=1,¢=1)
10. Beta, B(p=2, ¢=2)

Significance levels 0.01, 0.05, 0.10, 0.15, 0.20 are used for every distribution;
during the study. The power investigatica was conducted under the five null hy-
pothesis; for the shape parameters of Gamma 0.5, 1.0, 1.5, 2.0, 3.0. For each of the
sam;ﬁle sizes mentioned above, 5000 sample sets were generated for the alternative
distributions. The modified A-D test statistic could be obtained using ti.e minimum
distance of location and maximum likelihood of scale parameter. The value of this
statistic is compared to the critical values derived in this this thesis. If the value of
the test statistic is greather than the critical value, the null hypothesis is rejected.
The total numberof rejections are counted. The power of the test for a distribution
can then be comp 'ted by dividing the number of rejections by the total number of
trials, 5000. This power can be compared to the power of other known goodness-of-

fit tests. The foliwing chapters include a comparison with a study that use MLEs

for both location and scale parameters.

3.2.6 Verification and Validation.  Verification of the computer codes was

accomplised by an extensive line by line check. And later on, during the study, results
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checked step by step with Mathcad. The same numbers observed. Also, the first
column of the power s'tudy tables (Chp.4) are presented as a check point. Because
in these columns, the null and alternate hypothesis are taken the same. The powers
obtained the same as the significance levels; and this shows that our‘computer codes

are valid.
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IV. RESULTS

4.1 Anderson Darling Critical Values

The modified Anderson-Darling statistic is used to get the critical values for

Gamma shape paramneters 0.5, (0.5), 4.0, sample sizes 5, (5), 40 and significance
levels 0.01, 0.05, 0.10, 0;15, 0.20. All the tables are given in the following pages. The
critical values are increasing for every level of significance as the sam}Sle size increases.
When the shape parameter isnequal to two, the increase is relatively small. The use

of the tables to perform a goodnéss-of-ﬁt test follows these steps:

. Determine the shape parameter and desired significance level.

. From the data to be tested, calculate the minimum distance of location and

maximum likelihood of scale.
. From the appropriate table read the critical value.

. Using the estimators you-got at step 2, determine the estimated hypothesised
distribution and calculate the A-D test statistic.

. If the value obtained in step 4 is greater than the critical value found in step 3,
_then reject the hypothesized distribution; if not the hypothesized distribution

can not be rejected.

4.1.1 Polynomial Functions for Critical Values. An investigation of the

functional relationships between the critical values, sample size (n) and significance

level (a) are examined when the n and a are variables. In this study. we had an
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assumption that the shape parameter is known. Because of that 1 didn’t include
the shape parameter as a variable in the polynomials. But doing this increased the

accuracy of the functions.

Stepwise regression method has been applied for every shape parameter and

a different function is found for each shape. These functions are presented under

the critical value table of each shape parameter. The use of the functions is very -

easy. For example, when shape is 0.5, sample size is n = 20 and significance level

is a = 0.15; if we put the values into the function the value we get is 2.89855 and

reading the table gives 2.90586.




| Anderson Darling Critical Values, Shape = 0.5 |

1-x

n=>5

n=10

n=15

n=20

n=25

n=30

n=35

n=40

.20

1.00902

1.47727

2.08925

2.71001

3.37561

4.08965

4.71115

5.42480

15

1.07643

1.60555

2.24255

2.90586

3.58008

4.29668

4.95995

5.69822

10

1.16532

1.75183

2.45144

3.13793

3.84529

4.57785

5.24889

5.97833

.05

1.30011

1.96825

2.71356

3.47167

4.22629

4.97994

5.72735

6.45425

.01

1.53440

2.33949

3.22342

4.12514

-4.90850

5.79500

6.56209

7.46431

CV = 0.88971 + 0.16412n — 9.86652« -- 0.20142na + 36.0303a* -

Table 4.1. AD Critical Values for Shape = 0.5

n =sample size and a =significance level.

| Anderson Darling Critical Values, Shape = 1.0 |

Function of the critical values for Gamma shape= 0.5 (Confidence 0.9970)

(4.1)

1-x

n=H

n=10

n=15

- n=20

n=25

n=30

n=35

n=40

.20

0.67434

0.79979

1.06126

1.23485

1.34786

1.49442

1.61408

1.79139

15

0.72691

0.89477

1.17946

1.35969

1.48064

1.65071

1.79560

1.97671

10

0.80129

1.01662

1.35270

1.53478

1.66627

1.84893

2.00810

2.19041

.05

0.90419

1.21104

1.61627

1.80224

1.97667

2.17056

2.36925

2.54939

.01

1.15274

1.60361

2.07047

2.31085

2.56099

2.90480

2.94969

3.35005

Table 4.2. AD Critical Values for Shape = 1.0

Function of the critical values for Gamma shape= 1.0 (Confidence 0.9841)

CV = 1.01518 + 0.0758n — 9.1686 ~ 0.13433na — 0.00044472% + 32.0377a® (4.2)

n =sample size and a =significance level.




[ Anderson Darling Critical Values, Shape = 1.5 |

1-x

n=>

n=10

n=15

n=20

n=25

n=30

n=35

n=40

.20

0.50377

0.54686

0.58554

0.61592

0.63824

0.68183

0.73557

0.77692

15

0.54783

0.60789

0.65253

0.68897

0.71556

0.76695

0.83240

0.86808

10

0.60541

0.68561

0.73672

0.78797

0.82113

0.89467

0.97704

0.99969

.05

0.70041

0.81832

0.91014

0.93540

1.02782

1.12175

1.18746

1.23086

.01

0.92867

1.15620

1.29766

1.40306

1.58143

1.63513

1.71618

1.80514

Table 4.3. AD Critical Values for Shape = 1.5

CV =1.00672 + 0.02154n — 7.93372c — 0.08029na + 27.9847a?

n =sample size and a =significance level.

| Anderson Darling Critical Values, Shape = 2.0 |

Function of the critical values for Gamma shape= 1.5 (Confidence 0.9653)

(4.3)

1-x

n=5

n=10

n=15

n=20

n=25

n=30

n=35

n=40

.20

0.50929

0.54297

0.55863

0.56356

0.57450

0.57793

0.57660

0.57901

.15

0.55152

0.59577

0.60966

0.61738

0.62468

0.63553

0.63503

0.63493

.10

0.60488

0.67107

0.68781

0.69833

0.70804

0.71413

0.72097

0.71351

.05

0.70029

0.78159

0.81931

0.82063

0.85924

0.85021

0.85780

0.84227

.01

0.90570

1.07655

1.10589

1.14766

1.19699

1.19670

Table 4.4. AD Criéicai Values fbr Shape = 2.0

1.15982

1.18563

Function of the critical values for Gamma shape= 2.0 (Confidence 0.9694)

- CV =0.98379 + 0.01225n — 6.27139a — 0.01974na — 0.000156n2 + 19.0327a® (4.4)

n =sample size and «a =sigiificance level.
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| Anderson Darling Critical Values, Shape = 2.5 |

1-x

n=>5

n=10

n=15

n=20

n=25

n=30

n=35

n=40

.20

0.50629

0.53977

0.55370

0.56025

0.56529

0.57745

0.58444

0.58845

A5

0.54916

0.59254

0.60418

0.62373

0.€2350

0.63857

0.64605

0.64225

10

0.60302

0.66573

0.68381

0.60520

0.70133

0.72433

0.73063

0.72710

.05

0.69025

0.79337

0.81971

0.82642

0.84876

0.87298

0.86622

0.86434

.01

0.93684

1.06162

1.10351

1.13207

1.17845

1.26912

1.19942

1.15102 ||

Table 4.5. AD Critical Values for Shape = 2.5

Function of the critical values for Gamma shape= 2.5 (Confidence 0.9693)

CV = 0.96959 + 0.01292n — 6.14333a — 0.01919na — 0.000165n7 + 18.4079° (4.5)

n =sample size and o =significance level.

[ Anderson Darling Critical Values, Shape = 3.0 |

1-x

n=>5

n=10

n=15

n=20

n=25

n=30

n=35

n=40

.20

0.50258

0.53550

0.55488

0.55806

0.57679

0.59287

0.60309

0.60372

A5

0.54604

0.58881

0.60194

0.61939

0.63978

0.65661

0.65816

0.67220

10

0.60850

0.65970

0.67936

0.70162

0.71586

0.74064

0.74079

0.77029

.05

0.70407

0.77737

0.81819

0.83309

0.85418

0.87436

0.90095

0.92948

.01

1.03612

1.12288

1.15538

1.22367

1.24678

1.19524

1.24453

0.93248

| Téble 46 AD Critical Values for Shépe = 3.0

Function of the critical values for Gamma shape= 3.0 (Confidence 0.9704)

CV = 0.96296 + 0.01366n — 6.28657a — 0.03032na — 0.0001237n? +19.6629% (4.6)

n =sample size and a =significance level.
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[ Anderson Darling Critical Values, Shape = 3.5 |

1-x

n=»3

n=10

n=15

n=20

n=25

n=30

n=35

n=40

.20

0.51217

0.54502

0.56003

0.57641

0.58769

0.60593

0.61861

0.64073

15

0.55573

0.59714

0.61407

0.63206

0.65239

0.67972

0.69215

0.71433

.10

0.61150

0.67150

0.68951

0.71965

0.73625

0.77042

0.78206

0.81352

.05

0.71434

0.79616

0.82012

0.84707

0.87854

0.91123

0.95395

0.97282

.01

0.97850

1.07822

1.17070

1.19057

1.28280

1.31273

1.29887

1.34198

Table 4.7. AD Critical Values for Shape = 3.5

CV = 0.0849n — 0.11941na — 0.00134n?

n =sample size and a =significance level.

[ Anderson Darling Critical Values, Shape = 4.0 |

Function of the critical values for Gamma shape= 3.5 (Confidence 0.9120) |

(4.7)

1-x

n=>5

n=10

n=15

n=20

n=25

n=30

n=35

n=40

.20

0.51501

0.54896

0.56905

0.59174

0.60366

0.61896

0.64603

0.66007

.15

0.55791

0.60454

0.62058

0.65473

0.66588

0.68954

0.71720

0.73033

.10

0.62170

0.68687

0.70921

0.74029

0.76065

0.79391

0.81386

0.84153

05

0.73945

0.80865

0.82834

0.88723

0.90698

0.94380

0.96680

1.01297

.01

1.03442

1.13090

1.15191

1.22604

1.26343

1.31947

1.39282

1.42848

Table 4.8. AD Critical Values for Shape = 4.0

CV = 1.05828 + 0.01003n — 6.95325a — 0.03406na + 21.8651a°

n =sample size and a =significance level.
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Function of the critical values for Gamma shape= 4.0 (Confidence 0.9714)

(4.8)




4.2 Power Study

In this section the results of the power study will be shown. The tables are
presented in the following pages. In general, as expected, the powers are increasing

when the sample size increase and an increase always occured with the increase

~ of the significance level. Certainly, there are some exceptions. For small shape

parameters of Gamma, the power on lognormal is not high. But this is not something -
unekpected, if you look at their shapes on a graph, they look so similar to each others.
Also, powers come down for the similar Gamma’s, especially for greather values of
shape (thé distribution looses its skewness). So, if you take a 2.0 or greather shape
valued Gamrﬁa as the null hypothesis and another Gamma with 2.0 or greather

shape value, it is :clea,r that the power will be small.

An interesting result came with the lognormal LNL(0,1) when the null hypoth-
esis is a Gamma with shape equals 0.5 or 1.0; the increase on sample size cause the
power to go down. As mentioned before, the power is not good for this alternate

distribution because of their similarity. Another observation for Gamma shape 0.5,

‘the power goes down fast for the significance level is equal to 0.01. For Gamma

shape 1.5 we got low power for LNL(0;1) but excellent power for LNL(0,2), even
when the significance level is small. For the same null hypothesis, also we got pretty
good power on the beta distribution. When Gamma shape is equal to 2.0 powers are
good.for,,all‘altemate's, especially for lognormal and beta distributions. Taking the
null hypothesis Gamma with shape 3.0, it results in good power for lognormal and

beta again, especially for small sample sizes we get the highest powers in the study.

The graphs followed by the power tables are presented to see the differences
clearly. Also, the last two tables and graphs are prepared for the veriﬁéation of the
effectiveness of the study. A previous study has been compared with the modified
one for two shape parameters (1.5 and 4.0) over 104 cases. The previous study was
presented by Viviano [50] who used MLEs for both location and scale pa'raimeters.

The results of this thesis effort are compared with that one to see whether we can
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get better results. 104 cases were compared and it is found that, in 56% of the cases

the new test is powerful, in 21% of the cases powers are the same and in 23% of the
cases the previous study gets slightly more power. Especially for small sample sizes of
lognormal and all samples of beta distribution, the modified test gets extremely more

powerful results than the previous one (i.e. 0.044 against 0.995). Also, for Gamma

RV shape=1.5 against Weibull shape= 2.0 and 3.0, the modified study appeared with
) greater difference over the previous study.
: / Two graphs are presented with the average powers for each method. To do
/;y that, the powers are ordered separately and plotted. It is clearly seen on the graphs
- / that modified A-D test statistic provides betteT results.
e |
7
ot
;]
] |
i
U
\. .
L
[
- 4-8
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| Ho:Gamma with Shape = 0.5; H,:Another Distribution |

Sample Gamma Gamma | Gamma Weibull Weibull
Size | 1-x'| Shape=0.5 | Shape=2.5 | Shape=4.0 | Shape=2.0 | Shape=3.0
.20 1 0.19992 0.18673- | 0.15974 0.32967 0.39804
A5 0.14994 0.13994 " [. 0.11375 0.25710 0.32527
5 10 | 0.09996 0.08896 0.06917 0.17673 0.23571
.05 | 0.04998 0.04138 0.03019 0.08976 0.13315
01 0.01000 . 0.00460 10.00320 0.01599 0.02319
201 0.19432 0.29508 0.41503 0.44402 0.60716
A5 | 0.1449%4 0.22351 0.33727 0.35886 0.52899
10 .10 | 0.09516 0.16074 0.25410 0.26869 0.44442
051 0.04858 0.08457 0.15294 0.17013 | 0.31407
01| 0.01220 0.02359 | 0.04858 0.05378 0.13015
20| 0.19932 0.33207 | 0.48121 0.54778 0.76030
15 | 0.14374 0.26190 | 0.41004 0.47301 0.70432
15 .10 | 0.08996 0.17993 0.31427 0.36246 0.61136
05 0.05178 0.11176 0.21292 0.24210 0.48920
.01 | 0.01299 0.03319 0.07417 0.08856 0.26709
20| 0.19712 0.37425 0.57577 0.63175 0.85406
15| 0.14854 0.29388 0.49200 0.55378 0.80848
20 .10 | 0.09896 0.21991 0.40364 0.45462 0.74050
‘ 05 ] 0.05118 0.12455 0.28129 0.31867 0.62235
.01 | 0.00920 0.03179 0.10936 0.11915 0.38645
.20 1 0.20291 0.41044 0.63695 0.70792 0.90584
) R ) A5 1 0.15074 0.34106 0.56058 0.63135 0.87605
25 ].10| 0.09416 | 0.24790 | 0.46761 | 0.54018 0.82527
.05 0.04998 0.15574 0.33886 0.40704 0.73671
.01 0.01160 0.05018 0.15034 0.19412 0.53219
20| 0.17753 0.41863 0.67833 0.74190 0.94082
; A5 1 0.13855 0.35726 0.61735 0.68413 0.92223
30 10| 0.09076 0.27129 0.53219 0.60256 0.88685
.05 | 0.04638 0.17273 0.41264 0.47541 0.81847
.01 0.00760 0.04938 0.19572 0.22511 0.62235

Table 4.9. Power Test for Gamma, Shape = 0.5>
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| Hy:Gamma with Shape = 0.5; H,:Another 'Distribution‘J

Sample | Uniform | Lognorm. Lognorm. Beta Beta

Size |1-x| (10,15) |w=0p=1|w=0,p=2|p=l,q=1|p=2, q=2

.20 | 0.24350 0.12115 | 0.08157 0.37485 | 0.38305

15 | 0.18613 0.08477 0.05918 0.30288 | 0.31048

5 0 | 0.12215 0.05478 0.04258 | 0.22411 0.22491

05 | 0.05118 0.02699 0.02619 0.12975 | 0.12455

.01 | 0.00480 0.00340 - 0.01379 0.02679 | 1).01859

.20 | 0.53159 0.06357 0.13015 0.46901 0.57897

151 0.44282 0.04078 0.10856 0.38805 | L.18581

10 .10 | 0.34946 0.02539 0.08936 0.29728 | 0.29144

.05 | 0.23111 0.01100 0.06397 0.19812 | 0.:6070

.01 | 0.08717 0.00120 0.04058 0.07617 | 0 0576

.20 | 0.56377 0.02999 0.14214 0.54078 | 0.71491

15 | 0.49140 0.01999 -0.12395 0.46581 | 0.64494

15 .10 | 0.39044 0.01260 0.10156 0.36226 | 0.54%218

05 | 0.27009 0.00560 0.08077 0.24670 | 0.40:04

.01 | 0.10976 0.00160 0.05578 0.09916 | 0.18593

.20 | 0.61276 0.02099 0.16094 0.59576 | 0.81887

15 | 0.52639 0.01160 0.13615 0.51459 | 0.76010

20 .10 | 0.43743 0.00480 0.11455 0.42083 | 0.67433

.05 | 0.31008 0.00200 0.08936 0.29628 | 0.53918

.01 | 0.12675 0.00040 0.05558 0.11515 | 0.27649

.20 { 0.66114 0.01519 0.17053 0.63815 | 0.88245

15 | 0.58377 0.00920 0.15034 0.56877 | 0.83567

25 10 | 0.48021 0.00480 | 0.12835 0.46362 | 0.77249

.05 | 0.34706 0.00140 0.09936 0.32007 | 0.66194

.01 | 0.15854 0.00005 0.06697 0.14514 | 0.40584

.20 | 0.66034 0.00720 0.16733 0.66334 | 0.91004

.15 | 0.58757 0.00400 0.14654 0.59436 | 0.88085

30 .10 | 0.49380 0.00200 0.12395 0.50200 | 0.82947

.05 | 0.36585 0.00120 0.10016 0.37085 | 0.72771

.01 | 0.16114 0.00020 0.06437 0.15594 | 0.48341

Table 4.10. Power Test for Gamma, Shape = 0.5 (Continue)
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&5

H,:Gamma with Shape= 0.5, H,:Gamma with Shape= 0.5

1 - T T T T
70.20" —
08 - ”0.15" -
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04} .
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Figure'4.1. Power Study, Gamma Shape=0.5, Gamma Shape=0.5

vH.,:Gamma. with Shape= 0.5, H,:Gamma with Shape= 2.5’

1 T T T 1
70.20" —
0.8 N 70.15" — _
”0.10” —
”0'05” e e -
0.6 "0.01” - - -

Power

Sample Size

Figure 4.2. POWer Study, Gamma Shape=0.5, Gamma Shape=2.5
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H,:Gamma with Shape= 0.5, H,:Gamma with Shape# 4

1 T T T T
70.20" —
0.8 = ‘ )10'15” —_—
”0'10" —

70.087 - -

Power

Sample Size

Figure 4.3. Power Study, Gamma Shape=0.5, Gamma Shape=4

L H,:Gamma with Shape= 0.5, H,:Weibull with Shape= 2
S 1 T T T T
j : "0.20" —
o 0.8} 0.15” —— |
o

Power

5 10 15 20 25 30
Sample Size

Figure 4.4. Power Study, Gamma Shape=0.5. Weibull Shape=2
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Power

Figu

Power

08

H,:Gamma with Shape= 0.5, H,:Weibull with Shape= 3

1 1 1 i

10 15 20 25 30
Sample Size : ,

re 4.5. Power Study, Gamma Shape=0.5, Weibull Shape=3

H,:Gamma with Shape= 0.5, H,:Uniform U(10,15)

T T T T
?0.20” —
70.18” —— |
?0.10”

10 15 20 25 30
Sample Size

Figure 4.6. Power Study, Gamma Shape=0.5, Uniform U(10,15)
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H,:Gamma with Shape= 0.5, H;:Lognormal LNL(0,1)
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Figure 4.7. Powér Study, Gamma Shape=0.5, Lognormal LNL(0,1)

H,:Gamma with Shape= 0.5, H,:Lognormal LNL(0,2)
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Figure 4.8. Power Study, Gamma Shape=0.5, Lognormal LNL(0,2)




H,:Gamma with Shape= 0.5, H,:Beta B(1,1)
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Figure 4.9. Power Study, Gamma Shape=0.5, Beta B(1,1)
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Figure 4.10. Power Study. Gamma Shape=0.5, Beta B(2,2)




| Ho:Gamma with Shape = 1.0; H,:Another Distribution |

Sample Gamma Gamma Gamma Weibull Weibull
Size | 1-x | Shape=1.0 | Shape=2.5 | Shape=4.0 | Shape=2.0 | Shape=3.0

20 | 0.19992 0.21272 0.23531 0.37965 0.55258

A5 1 0.14994 0.16194 0.18353 0.31967 0.48861

5 10+ 0.09996 0.10216 0.12015 0.24650 0.41064
05 0.04998 0.05238 0.06118 0.17013 0.32626

.1 [ 0.01000 0.00860 0.01120 0.07897 0.19552

20 1 0.20692 0.26250 0.34106 0.68673 0.88085

15 | 0.14894 0.19592 0.26310 0.60516 0.81248

10 0| 0.09576 0.13015 0.19452 0.50220 0.71691
.05 | 0.04838 0.06897 0.10956 0.33886 0.56078

.01 { 0.00960 0.01359 0.02679 0.12835 0.27229

20 | 0.18753 0.23471 0.35886 0.61415 |- 0.81368
15 0.14594 0.18713 0.28549 0.51519 0.74790

15 101 0.09216 0.12075 0.20332 0.39204 0.64734
051 0.04298 0.05958 0.10816 0.23771 0.49120

.01 0.01099 0.01359 0.03319 0.03117 0.25490

201 0.19792 0.31847 0.46961 0.60736 0.85366

A5 1 0.14154 0.25970 0.40244 0.53459 0.80868

20 0| 0.09376 0.18533 0.32087 0.43403 0.74050
.05 [ 0.04658 0.10376 0.22771 0.29848 0.61395

.01 [ 0.01219 0.02999 0.08856 0.11216 0.38725

20 | 0.20692 0.37045 0.58916 0.67893 0.90964

A5 | 0.15434 0.29968 0.51659 0.60836 0.87645

25 10| 0.10116 0.22291 0.42863 0.50880 | 0.82787
.05 1 0.05318 0.12895 0.29148 0.36825 - 0.72291

.01 { 0.01000 0.03359 0.12195 0.15694 0.50640

220 | 0.19492 0.37185 0.64454 0.73331 0.94862

15| 0.14414 0.31048 0.57297 0.66613 0.92423

30 10| 0.10156 0.22651 0.48940 0.57437 0.88315
05 [ 0.04738 0.13835 0.36106 0.43443 0.81128

.01 { 0.00740 0.03099 0.13954 0.17733 0:56757
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[ Hy:Gamma with Shape = 1.0; H,:Another Distributioﬂ

Sample Uniform | Lognorm. Lognorm. Beta Beta
Size |1-x] (10,15) |w=0p=1{w=0,p=2]|p=l,q=1|p=2, ¢=2
' 20 | 0.37265 0.19912 0.38984 0.58717 | 0.73271
.15 | 0.30368 0.15454 0.33647 0.52039 | 0.69112
5 101 0.21791 0.10316 0.28049 10.43603 0.63155
.05 | 0.12095 0.06397 0.22151 | 0.34306 | 0.57257
.01 | 0.02399 0.01659 0.14214 0.20412 | 0.41663
.20 | 0.54838 0.15654 0.57157 0.84266 | 0.89544
15 | 0.45742 0.11236 0.51220 0.76449 0.82527
10 .10 | 0.35006 0.07537 0.43823 0.64914 0.71811
05 | 0.21391 0.04138 | 0.35466 0.46861 0.52979
.01 | 0.06717 0.01040 0.24430 0.18932 | 0.22491.
.20 | 0.55758 0.10636 0.65854 0.71391 0.81767 -
: 15| 0.47021 0.07857 0.60156 0.61815 |. 0.74570
15 .10 | 0.35626 0.05178 0.54078 0.47861 0.62555
.05 | 0.20912 0.02659 0.44602 0.30788 0.44742
.01 | 0.07577 0.00920 0.32727 0.11735 0.19492
.20 | 0.65614 0.08097 .0.75910 0.72051 0.84406
.15 | 0.58297 0.06178 0.71831 0.63815 | 0.79008
20 .10 | 0.48041 0.04518 0.66513 0.52899 | 0.69312 -
.05 | 0.34086 0.02719 0.58097 0.36346 | 0.54398
.01 ] 0.14234 0.00980 0.44102 0.15474 0.29308
.20 | 0.74630 0.08457 0.84006 0.75990 | 0.89444
.15 1 0.67393 0.06258 0.80808 0.68593 | 0.85326
25 10 | 0.57297 0.040138 0.76649 0.57737 0.78329
.05 | 0.40484 0.02059 0.68753 0.41064 0.64674
.01 ] 0.18473 0.00820 0.54078 0.17153 | 0.38205
.20 | 0.77609 0.07557 0.88805 0.78009 | 0.93323
.15 | 0.69852 0.05738 0.85966 0.69152 | 0.90004
30 10 | 0.59736 0.04098 0.82227 0.58437 | 0.84746
05 | 0.44662 0.02479 0.75330 0.42803 0.74390
01 { 0.17913 0.00800 0.60216 0:15854 0.43823

Table 4.12. Power Test for Ga.mmlL, Shape = 1.0 (Continue)
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H,:Gamma with Shape= 1, HG:Gamma with Shape= 1
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Figure 4.11. Power Study, Gamma Shape=1, Gamma Shape=1

H,:Gamma with Shape= 1, H,:Gamma with Shape= 2.5
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Figure 4.12. Power Study, Gamma Shape=1, Gamma Shape=2.5




H,:Gamma with Shape= 1, I/,:Gamma with Shape= 4
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Figure 4.13. Power Study, Gamma Shape=1, Gamma Shape=4

H,:Gamma with Shape= 1, H,:Weibull with Shape= 2
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Figure 4.14. Power Study, Gamma Shape=1, Weibull Shape=2




H,:Gamma with Shape= 1, H;:Weibull with Shape= 3
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Figure 4.16. Power Study, Gamma Shape=1, Uniform U(10,15)
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Figure 4.17. Power Study, Gammia Shape=1, Lognormal ‘I',NL(O,I).
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Figure 4.18. Power Study, Gamma Shape=1, Lognormal LNL(0,2)
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Figure 4.19. Power Study, Gamma Shape=1, Beta B(1,1)
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Figure 4.20. Power Study, Gamma Shape=1, Beta B(2,2)
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[ Ho:Gamma with Shape = 1.5; H,:Another Distributionj

Sample Gamma Gamma Gamma Weibull Weibull
Size | 1-x | Shape=1.5 | Shape=2.5 | Shape=4.0 | Shape=2.0 | Shape=3.0

20§ 0.19992 0.20412 0.19712 0.27049 0.34546

A5 | 0.14994 0.15754 0.14874 0.20792 0.27229

5 0] 0.09996 0.10696 0.10236 0.14654 0.19632

05| 0.04998 0.05138 0.04878 0.07457 0.10896

01| 0.01000 0.00900 0.01040 0.01399 0.02479

20 | 0.20692 0.22731 0.27549 0.36485 0.57357

15 [ 0.15394 0.17213 0.21811 0.28888 | 0.49980

10 .10 0.10096 0.11875 0.16074 0.21611 0.41144

05| 0.05118 0.06097 0.09756 0.13835 0.29768

.01 | 0.01000 0.01359 0.02219 0.03559 0.11515

20] 0.19552 0.24110 0.35206 0.48241 0.77029

A5 1 0.14434 - 0.19012 0.28749 0.41184 0.72931

15 .10} 0.10116 0.13475 .0.22751 0.33966 0.67433

C .05 0.04438 0.06397 0.12555 0.23011 0.58237

01| 0.01000 0.01140 0.03459 0.09956 0.34586

20 ] 0.19352 0.25550 0.44462 0.63115 0.90524

15| 0.14054 0.19492 0.38145 0.57617 0.87445

20 Jd0 | 0.09396 | 0.13735 0.30328 0.50160 0.82907

05| 0.05418 0.08577 0.21012 0.40004 0.75210

.01 | 0.00860 0.01719 0.05838 0.15694 0.47441

20| 0.21112 0.29188 0.49480 0.73431 0.95222

‘ A5 0.15714 | 0.23131 0.42043 0.67213 0.93183
25 [.10 | 0.10076 " | 0.16995 0.34266 '0.59056 ] 0.89364

.05 | 0.04878 0.09656 0.22891 0.42883 0.80283

.01 [ 0.01020 0.01819 0.06817 0.15414 0.51260

20 [ 0.18813 0.29688 0.54058 0.77829 0.96621

A5 1 0.14474 0.24070 0.48001 0.71471 0.95202

30 10 | 0.09496 0.17633 0.38904 0.62035 0.91783

' .05 0.04638 0.10356 0.26350 0.45382 0.84526

.01 | 0.00980 0.02859 0.10656 0.18972 0.61016

Table 4.13. Power Test for Gamma, Shape = 1.5




| Ho:Gamma with Shape = 1.5; H,:Another Distribution_J

Sample Uniform | Lognorm. Lognorm. Beta Beta

Size |1-x| (10,15) |w=0,p=1|w=0,p=2]|p=1,q=1{p=2, q=2

.20 | 0.31867 0.61795 0.76789 0.88525 0.90864

15 | 0.24850 0.52159 0.69672 0.81687 | 0.84666

5 10 | 0.17633 0.39864 0.61735 0.70532 0.74950

1 .05 { 0.09736 0.23791 0.49660 0.52539 | 0.57937

.01 { 0.0"83y 0.06477 0.30988 0.21012 | 0.26789

.20 | 0.58497 0.43343 0.83827 0.87245 | 0.92143

15| 0.49920 0.34646 0.79548 0.80968 | 0.88305

10 .10 | 0.41064 0.26270 0.74370 0.73311 0.83767

.05 | 0.28509 0.16354 0.65974 0.60156 | 0.76010

.01 | 0.09716 0.05818 0.48401 0.35206 | 0.56897

.20 | 0.82807 0.42963 0.92983 0.91883 0.96561

15 ] 0.76350 0.36246 0.91224 0.88705 | 0.94562

15 .10 | 0.68093 0.29248 0.88105 0.83627 0.92143

.05 | 0.49720 0.19332 0.82107 0.70932 0.83107

01 | 0.20652 0.07957 0.67293 0.38065 0.52919

.20 | 0.87985 0.46941 0.96881 0.95322 0.98181

.15 | 0.82087 0.40104 0.95842 10.92423 0.96941

20 .10 | 0.73071 0.32727 0.94222 0.86925 | 0.94002

.05 | 0.59436 0.24930 0.91364 0.76449 0.86645

.01 | 0.24670 0.10236 0.80308 0.39944 0.54498

.20 | 0.92363 0.50220 0.98900 0.97681 0.99080

15 | 0.87205 0.43663 0.98281 0.95502 | 0.98261

25 .10 | 0.80168 0.36326 0.97601 0.90784 0.95362

05| 0.63795 0.24950 0.95702 0.76629 0.87205

.01 | 0.26310 0.09856 0.87705 0.35906 0.54098

.20 | 0.93703 0.52339 - 0.99580 0.97581 0.99220

15 | 0.90104 0.45682 0.99320 0.95662 0.98321

30 .10 | 0.83227 0.37745 0.98900 0.90884 0.96082

.05 | 0.67993 0.26709 0.97641 0.77949 0.89044

.01 | 0.340¢6 0.12475 0.92983 0.40784 0.62815

Table 4.14. Power Test for Gamma, Shape = 1.5 (Continue)
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Figure 4.21. Power Study, Gamma Shape=1.5, Gamma Shape=1.5
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Figure 4.22. Power Study, Gamma Shape=1.5, Gamma Shape=2.5




5
N
|
:
N
|
ﬁ
f H,:Gamma wiih Shape= 1.5, H,:Gamma with Shape= 4.0
o 1 T T T T
T »0.20" —
3 08 } ”0.15" — _|
- "0.10" —
| 70.05" -+ -
| 06} "0.01” - - -
‘ Power
; /
Sample Size
Figure 4.23. Power Study, Gamma Shape=1.5, Gamma Shape=4
H,:Gamma with Shape= 1.5, H,:Weibull with Shape= 2.0
r T T T T
' ”0.20”
08 - "0.15" — |
Power
5 10 15 20 25 30
Sample Size
//“ :
J : Figure 4.24. Power Study, Gamma Shape=1.5, Weibull Shape=2
/.
. 4-26
o ‘. £ /'l ’ ; \\\\_; - 1‘\_ “‘_‘:‘\\\ ‘//-
” - : /r". /,' /;‘ ‘\ s B “I;.'./:.




H,:Gamma with Shépe: 1.5,‘Ha:Weibull with Shape= 3.0
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Figure 4.25. Powe: Study, Gamma Shape=1.5, Weibull Shape=3
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Figure 4.26. Power Study, Gamma Shape=1.5, Uniform U(10,15)




H,:Gamma with Shape= 1.5, H,:Lognormal LNL(0,1)
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Figure 4.27. Power Study, Gamma Shape=1.5, Lognormal LNL(0,1)
i
o
| / H,:Gamma with Shape= 1.5, H,;:Lognormal LNL(O,?)
’ 1 T T e e—————
""""""" ) 130.2(),1.'_'.
0.8 70.157 —— _
”0'10" P———
,,,,,, _ o e B 005" ----
\f 06 F .. ”0.01” - - -
- Power .
i 04 -
!
" 02 | -
0 L ! ] 1
5 16 15 20 25 30
Sample Si.e
; Figure 4.28. Power Study, Gamma Shape=1.5, Lognormal LNL(0,2)
/ 1-28
3
i
‘< ) },';\‘\ :'. . @) ‘ ,(l‘ ’// \\'
Ly, Y e




H,:Gamma with Shape= 1.5, H,:Beta B(1,1)
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Figure 1.29. Power Study, Gamma Shape=1.5, Beta B(1,1)
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Figure £.30. Power Study, Gamima Shape=1.5, Beta B(2.2)

- 429




[ Hy:Gamma with Shape = 2.0: H;:Another Distribution J

Sample Gamma Gamma Gamma Weibull Weibull
Size | 1-x | Shape=2.0 | Shape=2.5 | Shape=4.0 | Shape=2.0 | Shape=3.0

20 1 0.19992 0.18353 0.17873 0.22231. | 0.28769

51 0.14994 0.13155 0.13575 0.17113 - | 0.23551

5 101 0.09996 0.09056 0.09216 0.11995 0.17153

05 1 0.04998 0.04558 0.04518 0.05758 0.08916

01} 0.01000 0.01040 0.01240 0.01120 0.02519

20| 0.19672 0.20232 0.22631 0.29288 0.45642

5 | 0.15054 0.15074 0.17853 0.22831 0.38705

10 0| 0.09576 0.10116 0.12315 0.15934 -0.31188

05 [ 0.05013 0.05538 0.07357 0.09156 0.22251

.01 | 0.00980 0.01140 0.01919 0.02019 | 0.07957

201 0.20132 0.20392 0.264.19 0.35226 | 0.61316

A51 0.15394 0.15594 0.22171 0.29608 0.55178

15 0} 0.10376 0.10236 0.16094 0.22671 0.47821

05| 0.05458 0.05258 0.09856 0.14374 0.36026

01 | 0.01159 0.01100 0.02779 0.04778 0.18533

20 0.19172 0.20752 0.32007 0.42103 0.74170

A5 [ 0.14954 0.15894 0.26869 0.36545 0.69512

20 0| 0.09716 0.11615 0.20612 0.28569 0.63275

05 0.05538 0.06118 0.14194 0.19912 0.53739

01| 0.01159 0.01559 0.04338 0.07677 0.35486

20 | 0.20092 0.21591 0.34466 0.48741 0.83647

A5 0.15734 0.17413 0.29028 0.42563 0.80968

25 0| 0.10396 0.11875 0.22671 0.34346 | 0.76150

05| 0.05198 0.06178 0.14154 0.24650 0.68333

01| 0.00940 0.01659 0.05158 0.12975 0.49200

20 1 0.138393 0.21172 0.29304 0.54693 0.900384

51 0.13994 0.16753 0.33607 0.49510 0.87985

30 A0 1 0.09656 0.11755 0.27009 0.43183 0.85286

05 0.01833 0.06717 0.18253 0.34066 0.79068

01 ] 0.01019 0.01260 0.07017 0.16193 0.59976

Table 4.15. Power Test for Gamma, Shape = 2.0
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[ Hg:Gamma with Shape = 2.0; H,:Another Distribution ]

Sample Uniform | Lognorm. Lognorm. Beta Beta
Size |1-x]| (10,15) |w=0,p=1|w=0,p=2|p=],q=1 | p=2, q=2
.20 | 0.28409 0.78888 0.88825 0.95542 0.97431

15 1 0.22051 0.68273 - 0.82627 0.91583 | 0.93623
5 10 | 0.16134 0.56677 0.75470 0.84206 0.86645
.05 ] 0.08617 0.37665 0.62555 0.67473 0.72011
.01 [ 0.01759 0.13475 | 0.42243 0.32107 0.35106

.20 | 0.60416 0.55418 0.90144 0.89284 0.90924
' 51 0.53139 1 0.45822 -0.86945 0.84166 0.85946
10 .10 | 0.43423 0.35546 - 0.82527 0.74890 0.73489

.05 | 0.31048 0.23651 0.76549 0.58896 '| 0.64694
.01 | 0.11236 0.08497 0.61715 0.27649 0.39284

.20 | 0.85306 | 0.56497 0.95602 0.90804 . | 0.93583
15| 0.79708 0.50420 0.94502 0.86286 0.91064
15 .10 | 0.70152 0.41743 0.92463 0.78849 0.86745

- 1.05 ] 0.53819 0.31128 0.88545 0.66074 0.78149
01 | 0.26210 0.16034 0.79148 0.42543 0.60476

.20 | 0.89324 0.61995 0.9¢781 0.94602 0.96042

| .15 | 0.84366 0.56038 0.96281 0.91383 0.94502

20 10 | 0.76589 0.47821 0.97361 0.86565 0.90984
.05 | 0.63435 0.38545 0.95762 0.76070 0.84966

01} 0.32627 0.21411 0.90144 0.46861 0.61875

.20 | 0.91863 0.68513 0.99540 0.95422 0.97621
15| 0.88785 0.63855 - 0.99400 0.93283 0.964381

25 .10 ] 0.81987 | 0.56957 | 0.99240 0.886385 0.94362
' .05 | 0.67993 0.44942 0.98621 0.77849 | 0.87885
.01 | 0.37465 0.26509 0.95842 0.48980 0.65734

.20 | 0.95302 0.73251 0.99900 0.97381 0.98481

151 0.92183 0.68713 | 0.99860 0.95802 0.97721

30 .10 | 0.87185 0.62635 0.99780 0.92523 0.95702
.05 | 0.77069 0.52639 0.99580 0.85006 0.90764

.01 | 0.45782 0.32847 0.98521 0.57777 0.70752

Table 4.16. Power Test for Gamina, Shape = 2.0 (Continue)




H,:Gamma with Shape= 2, H,:Gamma with Shape= 2
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Figure 4.31. Power Study, Gamma Shape=2, Gamma Shape=2
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Figure 4.32. Power Study, Gamma Shape=2, Gamma Shape=2.5
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Figure 4.33. Power Study, Gamma Shape=2, Gamma Shape=4
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Figure 4.34. Power Study, Gamma Shape=2, Weibull Shape=2
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H,:Gamma with Shape= 2, H,:Weibull with Shape= 3
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Figure 4.35. Power Study, Gamma Shape=2, Weibull Shape=3
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Figure 4.36. Power Study, Gamma Shape=2, Uniform U(10,15)




H,:Gamma with Shape= 2, Ha:Lognormal LNL(0,1)

Power

1 I I 1
| "0.20" ——
”0‘15” r— _
”0.10” =——

Figure 4.37. Power Study, Gamma Shape=2, Lognormal LNL(0,1)
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Figure 4.38. Power Study, Gamma Shape=2, Lognormal LLNL(0.2)
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H,:Gamma with Shape= 2, H,:Beta B(1,1)
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Figure 4.39. Power Study, Gamma Shape=2, Beta B(1,1)
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Figure 4.40. Power Study, Gamma Shape=2, Beta B(2,2)
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LHozGamma, with Shape = 3.0; H,:Another Distribution ]

Sample Gamma Gamma Gamma | Weibull Weibull
Size | 1-x | Shape=3.0 | Shape=2.5 | Shape=4.0 | Shape=2.0 | Shape=3.0
1.20 | 0.19992 0.20932 0.20872 0.21531 0.26370

151 0.14994 0.15454 0.16334 0.16114 0.20152

5 101 0.09996 0.09796 '0.11036 0.10276 0.14354

.05 0.04998 0.05278 (.05578 0.04858 - 0.07277

01 0.01000 0.00920 0.01120 0.00820 0.01339

201 0.20692 0.19572 [ 0.18892 0.23111 0.34706

151 0.15314 0.14674 0.13755 0.17213 0.28069

10 10} 0.10216 0.09696 - 0.09336 0.12375 0.20992

05| 0.04978 0.04778 0.04758 0.06577 0.13055

.01 0.00860 0.01060 0.01120 0.01839 0.04038

.20 | 0.19772 0.18053 0.19612 - 0.23291 0.43843

: 15 0.15914° 0.14154 0.14854 0.19112 0.37865

15 .10 | 0.10676 0.08916 0.09996 0.13335 0.30268

.05 [ 0.05058 0.03978 | 0.04858 0.06857 ©0.19472

.01 0.01259 0.00700 0.01180 0.01759 0.06617

.20 | 0.20832 0.19292 0.20092 0.25530 0.53079

, 15| 0.15574 0.13894 0.15174 0.19312 0.45562

20 10 0.10196 10.09216 0.09776 -0.13375 0.37005

05§ 0.05578 0.04418 0.05318 0.07317 | 0.25850

01 0.01119 0.00760 0.01060 0.01619 |- 0.10516

20 1 0.20292 0.16973 | 0.18892 -0.27129 0.59476

A5 0.14794 0.11795 0.14034 0.20732 0.52439
25 101 0.10756 0.07777 0.09856 0.15054 | 0.45002

.05 | 0.05358 0.04198 0.04978 0.08057 0.33627

.01 0.01119 0.00660 0.00780 0.01839 0.13415

200 0.20232 0.16294 0.18573 0.26509 - 0.64654

A5 0.15194 0.11575 0.13954 | 0.20692 0.58757

30 10| 0.10576 0.07277 0.09536 0.15014 0.51379

05| 0.05418 0.03519 0.05438 0.08597 0.39824

01 0.00930 - 0.00520 0.01319 0.01859 0.17813

Table 4.17. Power Test for Gamma, Shape = 3.0
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[HozGamma with Shape = 3.0; H,:Another Distribution I

Sample | Uniform | Lognorm. Lognorm. Beta Beta .
Size |1-x| (10,15) |w=0,p=1|w=0,p=2]p=l,q=1|p=2, q=2

.20 | 0.28089 0.99960 0.99960 0.99960 0.99960
15 ] 0.21252 0.98521 0.99200 0.99960 0.99940
5 10 | 0.14354 0.90664 0.95342 0.98940 0.98960
.05 | 0.07357 0.72211 0.85046 0.93463 0.94102
.01 | 0.01279 0.31527 0.59616 0.64994 0.67073

.20 | 0.39464 0.74650 0.95102 0.95942 0.96042

15 | 0.31867 0.64994 0.92683 0.92563 0.92643
10 10§ 0.23631 0.53119 0.89244 0.86126 0.87645
05 ¢ 0.14174 0.36366 0.84146 0.71991 0.74890
.01 | 0.03938 0.16393 10.73691 0.38805 0.42003
.20 | 0.86186 0.69472 0.98241 0.93643 0.92763
15 ] 0.81667 0.63295 0.97481 0.90024 0.89464
15 10 | 0.72651 0.54018 0.96302 0.82287 0.82327
.05 | 0.55258 0.39744 0.93703 0.65214 0.68033
.01 ] 0.24870 | 0.20112 0.87005 0.31248 0.41823
.20 | 0.89834 0.76489 0.99540 0.93623 0.93263
.15 | 0.84366 0.69832 0.99220 0.88465 | 0.89524
20 .10 | 0.75430 0.61336 0.98801 0.81368 0.82467
.05 | 0.60856 0.50680 | 0.97881 0.67513 0.70812
.01 ] 0.27369 | 0.30068 0.94482 0.35886 0.46561
.20 | 0.90464 0.79668 0.99860 0.93982 0.93043

15 | 0.85466 0.74150 0.99840 0.89724 0.89124

25 .10 | 0.781389 0.67593 0.99600 0.83847 0.83607
.05 | 0.62135 0.57037 0.99280 0.70572 0.72191
.01 | 0.26569 0.35346 0.97521 0.36106 0.43942
.20 | 0.92463 0.83847 0.99960 0.95042 0.94702
15| 0.88145 0.79728 0.99940 0.91483 0.91423
30 .10 | 0.81627 0.74010 0.99940 0.85746 0.85986
.05 | 0.68633 0.64974 0.99880 0.72731 0.75670
.01 | 0.33307 0.42863 0.99220 0.38325 0.44202

Table 4.18. Power Test for Gainma, Shape = 3.0 (Cont.in\Le)

4-38




H,:Gamma with Shape= 3, H,:Gamma with Shape=3
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Figure 4.41. Power Study, Gamma Shape=3, Gamina Shape=3
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Figure 4.42. Power Study, Gamma Shape=3, Gamma Shape=2.5
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H,:Gamma with Shape= 3,

H,:Gamma with Shape= 4
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Figxxre 4.43. Power Study, Gamma Shape=3, Gamma Shape=4
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Figure 4.44. Power Study, Gammna Shape=3, Weibull Shape=2
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H,:Gamma with Shape= 3, H,:Weibull with Shape= 3.
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Figure 4.45. Power Study, Gamma Shape=3, Weibull Shape=3
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H,:Gamma with Shape= 3, H,:Lognormal LNL(0,1)

0.8

T T T T
70.20”" —

.’.’0:01*2 Y

0.6
Power
04F - e i
0.2+ L ~
0 Il [ 1 ]
5 10 15 20 25 30

Figure 4.47

Sample Size
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Figure 4.50. Power Study, Gamma Shape=3,
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[ Hy:Gamma with Shape = 1.5; H,:Another Distribution ]

Sample Size = n=>5 n=15 n=25

Distribution || 1-x | Pre. | Mod. || Pre. | Mod. || Pre. | Mod.

Gamma 0.01 [ 0.011 | 0.010 || 0.009 T 0.010 || 0.011 ] 0.010
Shape=1.5 | 0.05 }j 0.049 [ 0.050 || 0.015 | 0.044 || 0.044 | 0.04Y
Gamma 0.01 | 0.006 | 0.009 || 0.004 | 0.011 |} 0.015 ] 0.013
Shape=2.5 || 0.05 |{ 0.030 | 0.051 # 0.037 | 0.064 || 0.070 | 0.097
Gamma 0.01 i 0.005 | 0.010 1 0.011 [ 0.035 " 0.064 | 0.068
Shape=4.0 }{ 0.05 || 0.026 | 0.049 || 0.069 | 0.126 || 0.175 | 0.229
Weibull 0.01 }.0.002 } 0.014 |{ 0.520 ; 0.100 || 0.102 ] 0.154
Shape=2.0 || 0.05 | 0.017 | 0.075 || 0.093 | 0.230 {| 0.247 | 0.429
Weibull 0.01 }j 0.001 {0.025 i 0.086 | 0.346 {| 0.403 | 0.513
Shape=3.0 |/ 0.05 || 0.015 | 0.109 || 0.250 | 0.582 | 0.628 | 0.803
Lognorm. 1 001 1 0.047 [ 0.065 || 0.167 { 0.080 i 0.293 | 0.099
w=0,p=1 {005 0.122 | 0.238 || 0.307 | 0.193 | 0.444 | 0.250
Lognorm. || 0.01 || 0.260 | 0.310 || 0.844 | 0.673 |} 0.981 | 0.877
w=0,p=20.05} 042310497 |} 0.928 | 0.821 || 0.995 | 0.957

Beta 0.01 | 0.002 | 0.210 (] 0.038 | 0.381 || 0.166 | 0.359
p=1.q=1 0.05 || 0.020 [10.525 { 0.184 [ 0.709 || 0.413 | 0.766
Beta 0.01 i 0.001 | 0.268 || 0.066 | 0.529 || 0.302 | 0.511]

p=2,q=2 0.05 ] 0.017 | 0.579 || 0.2:34 [ 0.831 | 0.566 | 0.872

Table 419, The Comparison Table of the Modified and the Previous Power Studies,
When Shape = 1.5



| Hp:Gamma with Shape = 4.0; H.:Another DistfibutionJ

Sample Size = n=>5y n=15 n=25
Distribution || 1-x || Pre. | Mod. || Pre. | Mod. || Pre. | Mod.
Gamma 0.01 } 0.016 | 0.009 || 0.017 | 0.009 || 0.017 | 0.010
Shape=2.5 || C.05 || 0.063 | 0.046 || 0.064 | 0.050 {| 0.075 | 0.041
Gamma 0.01 || 0.012 | 0.010 [} 0.009 { 0.012 jf 0.008 | 0.010
Shape=4.0 || 0.05 {j 0.054 | 0.050 || 0.045 | 0.055 |[ 0.048 | 0.049
Weibull 0.01 3 0.007 1 0.003 }] 0.010 | 0.006 ) 0.G08 | 0.005
Shape=2.0 | 0.05 0.042 | 0.037 |[ 0.050 | 0.042 || 0.054 | 0.037
Weibull 0.01 || 0.007 1..104 [/ 0.037 | 0.030 || 0.074 | 0.057
Shape=3.0 || 0.05 }j 0.040 | 0.048 || 0.119 | 0.116 }| 0.218 } 0.178
Lognorm. || 0.01 || 0.077 | 0.457 || 0.355 | 0.253 || 0.558 | 0.378
w=0,p=1]0.05{ 0.175 | 0.917 I 0.517 | 0.495 || 0.761 | 0.601
Lognorm. 0.01 |1 0.340 | 0.707 || 0.907 | 0.901 { 0.991 | 0.987
w=0,0=2 [ 0.05 }{ 0.489 | 0.962 || 0.963 |.0.956 || 0.999 | 0.995
Beta 0.01 || 0.008 | 0.801 || 0.037 §{ 0.350 |} 0.075 | 0.303
p=l,g=1 0.05 || 0.053 | 0.989 || ¢ 163 | 0.719 || 0.296 | 0.649
Beta 0.01 | 0.006 | 0.830 || 0.934 | 0.361 || 0.054 | 0.300
p=2.4=2 0.05|| 0.044 | 0.995 || 0.117 | 0.712 || 0.204 | 0.594

When Shape = 4.0
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V. CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions

Based on the results obtained in this thesis, the following conclusions are noted:

1. The first thing to say is that, the Anderson-Darling critical values for two-

parameter Gamma are valid.

2. This type of studies afé a kind of building new developments on the previous
accumulated knowledge. Getting an improvement by way of a modification is
the objective of the study. In this research, Anderson-Darling test was known
as one of the most powerful test .oxvl the two parameter Gamma; and this
thesis aimed to get an improvement on this test. A new modified test has been
developed and considerable amount of increase has been observed on the power
of the modified test. The comparisor with the previously modified Anderson-
Darling test over 104 cases appeared with 56% of the cases considerably better

power, 21% of the cases the same-and 23% of the cases slightly less power. - —-——-

3. The power study in general showed that the power increase with the increase
of sample size and significance level. Good power is achieved for alternate

distributions such as Weibull, uniform, lognormal and especially beta.

4. The functional relationship between the critical values, sample size and signif-
icance level have been presented for each shape parameter. So that, goodness-
of-fit tests can be done for sample sizes and significance levels other than those

presented in this thesis.
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5.2  Recommendations
First of all, for further reliability analysis or whenever needed, 1 stiongly rec-
ommend this modified Anderson-Darling test as the known most powerful test for

the case of two-parameter Gamma.

For further research other goodness-of-fit tests can be tried to develop a more
efficient technique. Also, some experimental design studies can be investigated by

using several different statistics.
Some more or different alternate distiibutions can be worked on.

It might be interesting to extend the Sinclair, Spurr and Ahmad’s [44] A-D
test study which gives greater weight to larger and smaller ohservations when the

objective of the fitting process is to predict a quantile at the tails of the distribution.

A
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Appendiz A. COMPUTER PROGRAMS

A.1 Finding The Critical Value Tables

C o sk ok ke o ook o ok e s ok i 3k ok o ok ak ks ok ok ok sk ok b 3 ok ok e sk ok ok ok ok s ko e kol kol ol i sl k ok ok ok 3k 3k sk ok s ok ok ok X %k

C * THIS PROGRAM CALCULATES THE ANDERSON DARLING CRITICAL VALUES *
€ koo KR AR Ak KoK FORAOK A Ko R ook ook oKk Kotk ok ok Ok ok K K K KoK ok o

PROGRAM AD
COMMON/VALUE/P(100)
COMMON/RAY/T (100)
COMMON/MIN/IN
COMMON/MIN1/XNCDF(50) ,DIFKS,I,IKS, IKS1
COMMON/MIN2/DIFCVM,ICVM,ICV1
COMMON/MIN3/DIFAD, IAD,IAD1
COMMON/MANA/N,SS1,552,S53,M,C1,T1,A1,MR
DOUBLE PRECISION DSEED,T,C1,T1,A1,CSJ,ASJ,TSJ
DOUBLE PRECISION CKS,CCVM,CAD
DIMENSION FX(60),AA(5000),XX(5002),YY(5002)
INTEGER REP,PP
DSEED=1500.000
MR=0
NONE=0
NZERO=0
REP=5002
NOS=REP-2
NUM=REP-2
YY(1)=0.
YY(REP)=1. e
DO 405 L=2,REP-1
YY(L)=((L-1)-.5)/NOS

405  CONTINUE -

DO 100 PP=25,40,5
PRINT*,"PP" ,PP
N=PP

M=N

IN=N -

CALL RNSET(DSEED)
DO 99 KK=1,5000
SS1=1"

5$52=0
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W\ ..'24

C *xx

719

C *%%

C **x

ETE

553=1
C1=10
Al=1
Ti=1

GAMMA RANDOM NUMBER GENERATOR
CALL RNGAM(N,A1,P)

DO 719 IK=1,N
P(IK)=T1*P(IK)+C1

IF (KK.LT.3) THEN

PRINT=*,"P" ,KK,P(IK)

ENDIF

CONTINUE

SORT A REAL ARRAY BY ALGEBRAIC VALUE
CALL SVRGN(N,P,P)

DO 3 II=1,N

T(II)=P(II)

CONTINUE

GAMMA MLE ESTIMATION

CALL GAMMLE(CSJ,TSJ,ASJ)

IF (KK.LT.5) THEN
PRINT*,"C T A",CSJ,TSJ,AS]
ENDIF '

MINIMUM DISTANCE ESTIMATION

CALL MINDIS(ASJ,CSJ,TSJ,CKS,CCVM,CAD)
IF (KK.LT.5) THEN
PRINT#*,"min",CKS,CCVM,CAD

ENDIF

C1=CAD

§53=0

“ALL GAMMLE(CSJ,TSJ,ASJ)

"IF (KK.LT.5) THEN

PR1dT* ,"C T A son",CSJ,TSJ,ASJ
ENDIF
DO 333 L=t,N
wW=(T(L)-CSJ)/TSJ
X1=ASJ
FX(L)=GAMDF(W,X1)

—t




R e .

333

500

99

400

420
410

430
999

IF(FX(L) .EQ.0.) THEN
FX(L)=FX(L)+.0001
NZERO=NZERO+1
END IF
IF(FX(L).EQ.1.) THEN
FX(L)=FX(L)-.0001
NONE=NONE+1
END IF
CONTINUE
WAD=0.
XN=N
DO 500 I=1,N
XI=1
WAD=WAD+(2.%XI-1.)*(LOG(FX(I))+L0OG(1.-FX(N+1-1)))
CONTINUE
WAD=(-WAD/XN) -XN
AACKK)=WAD
CONTINUE
CALL SVRGN(5000,AA,AA)
DO 400 L=1,REP-2
XX(L+1)=AA(L)
CONTINUE
CALL ENDPT(XX,YY,REP,NUM)
PRINT’(2X,A,12)’,'FOR N= ’,PP,"SHAPE",A1
DO 410 J=80,95,5
DO 420 II=1,REP
I=REP+1-II -
IF(YY(I).LT.(J/100.0)) THEN
SLOPE=(YY(I+1)-YY(I))/ XX(I+1)-XX(I))
ZZ=-SLOPE*XX(I)+YY(I)
PRINT*,"THE ",J," TH PERCENTILE IS",((J/100.)-Zz)/SLOPE
GO TO 410
END IF
CONTINUE
CONTINUE
DO 430 AK=1,REP
K=REP+1-AK
IF(YY(K).LT..99) THEN
GO TO 999
END IF
CONTINUE
SLOPE=(YY(K+1)-YY(K) )/ (XX(K+1)-XX(K))
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ZZ=-SLOPE*XX(K)+YY(K)
PRINT*,"THE 99 TH PERCENTILE IS",(.99-2Z)/SLOPE

100 = CONTINUE

END
SUBROUTINE ENDPT(XX,YY,REP NUM)
INTEGER REP
DIMENSION XX(5002),YY(5002)
SLOPE=(YY(2)-YY(3))/(XX(2)-XX(3))
B=YY(2)-SLOPE*XX(2)
V1=-B/SLOPE
IF(V1.LT.0.)THEN
V1=0.
ENDIF
XX(1)=V1
SLOPE=(YY (NUM) YY(MUM+1))/(XX(NUM) XX(NUM¢1))
B1=YY (NUM) -SLOPE*XX (NUM)
v2=(1.-B1)/SLOPE
XX(REP)=V2
RETURN
END

C ok s sk ok o o ok ok ok ok ok ok o ok s ok ok ok o ok ok ok o 3 ok ok 3k 3k ok ok ok 3k ok 3k ek ok s e ok ok ok o ok ok ok ke ok ok 3 ok ok ok ok ok 3 ke ok ke ok K o

C =* THIS SUBROUTINE IS FOR MAXIMUM LIKELIHOOD ESTIMATION *
C ok skt sk ok ko ok ok o KoK ok A KR 38 Kok ook 3k Kok o o o ok ok ook o s ok o sk o ok ok o ok o

SUBROUTINE GAMMLE(CSJ,TSJ,ASJ)
COMMON/RAY/T(100)
. COMMON/MANA/N,SS1,S52,5S3,M,C1,T1,A1,MR
DOUBLE PRECISION T,C,THETA,ALPHA,DLT,DLC,CE,TH,EN,EM,ELNM
DOUBLE PRECISION EMR,EI,D2T,DT,D2A,DA,D2C,DC,ENS,GAM,GMA,GAMI,GMAT
DOUBLE PRECISION GMAI2,DEXP,DABS,DLOG,SL,SR,S1
DOUBLE PRECISICN EL,CSJ,TSJ,ASJ,C1,T1,A1
DIMENSION C(1100),THETA(1100) ,ALPHA(1100)
DIMENSION DLT(50),DLC(50),CE(50),TH(50)
J1=20
JH=20
c(1)=C1
THETA(1)=T1
ALPHA(1)=A1
9 EN=N
EM=M
86 ELNM=0.DO
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87

88 -

109

110
89

111

139
117

118

135

119
120
121

136

122
123
124

140
141
137

125
126

EMR=MR

MRP=MR+1

NM=N-M+1

DO 88 I=NM,N

EI=I
ELNM=ELNM+DLOG(EI)
IF(MR) 66,89,109

DO 110 I=1,MR

EI=I
ELNM=ELNM-DLOG(EI)

DO 63 J=1,1100

IF (J-1) 66,112,111
JJ=J-1 -

IF (J-JI) 6,139,139
IF (J/JH-JJ/JH) 6,6,117
Jo=J-2

J3=J-3

IF(SS1) 119,119,118
D2T=THETA(JJ)-2.DO*THETA(J2)+THETA(J3)
DT=THETA(JJ)-THETA(J2)
IF(D2T) 135,119,135
NT=DABS (DT/D2T)

GO TO 120

-NT=999999

IF(8S2) 122,122,121

D2A=ALPHA(JJ)-2.DO*ALPHA (J2)+ALPHA(J3)

DA=ALPHA (JJ)-ALPHA(J2)

IF(D2A) 136,122,136

NA=DABS (DA/D2A)

GO TO 123

NA=999999

IF(SS3) 125,125,124

D2C=C(JJ)=-2.D0*C(J2)+C(J3)

DC=C(JJ)-C(J2)

IF (C(JJ)+0.00005-T(1))140,125,125

IF (C(JJ)-0.00005)125,125,141

IF (D2C)137,125,137

NC=DABS(DC/D2C)

GO TO 126

NC=999999

IF ((NT.LT.NC).AND.(NT.LT.NA)) THEN
MIN=NT
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142
138

130

133

134

73

74

ELSEIF (NC.LT.NA) THEN

MIN=NC
ELSE
MIN=NA
~ ENDIF
NS=2#MIN
IF(NS)6,6,142
IF(NS-999999)138,6,6
ENS=NS |
THETA(J)=THETA(JJ) +(DT+.25D0* (ENS+1.D0)*D2T) *ENS

" IF (THETA(J).GT.1.D-4) THEN

THETA (J)=THETA(J)
ELSE
THETA(J)=1.D-4

'ENDIF

ALPHA(J)=ALPHA(JJ)
iF (SS3) 133,133,134
c(I=Cc(I1)
GO TO 112 _
C(J3)=C(33)+(DC+.25D0* (ENS+1.D0) *D2C) *ENS
IF (C(J).GT.0.D-4) THEN .
¢(I)=C(J)
ELSE
C(J)=0.D-4
ENDIF '
IF (C(J).LT.T(1)) THEN
L c(d)=c()
ELSE .
c(3)=T(1)
ENDIF
IF ((1.DO-EMR)*C(J)-T(1))112,6,6
THETA(J)=THETA(JJ)
IF (SS1)13,13,7
$1=0.D0
DO 8 I=MRP,M
S$1=S1+T(1)-C(31J)
IF (N-M+MR)65,73,74
THETA (J)=51/(EM*ALPHA (JJ))
GO TO 13
GMA=GAM(ALPHA(J]))
KS=0
DO 108 K=1,5000

A-6




101

102

103

104

105
106

107

108
13
44
85
45
143
79
46
83

69

80

81

W N -

KK=K-1 .
GMAI=GAMI((T(M)-C(JJ))/THETA(J),ALPHA(JJ))
GMAI2=GAMI((T(MRP)-C(JJ))/THETA(J),ALPHA(JI]))
DLT(K)=-EM*ALPHA(JJ) /THETA(J)+S1/THETA(J) **2+
(EN-EM)* (T(M)-C(JJ))**ALPHA (JJ) *DEXP((C(JJ)
=T(M))/THETA(J) )/ (THETA(J)** (ALPHA (JJ)+1.DO0)*(GMA-GMAI)) +EMR+ALPHA(JJ)
/THETA(J) -EMR* (T(MRP) -C(JJ) ) *xALPHA (JJ) *DEXP((C(JI)-T(MRP))
/THETA(J))/(THETA(J) **(ALPHA(JJ)+1.D0)*GMAT?2)
TH(K)=THETA(J)

IF (DLT(K))101,13,102

KS=KS-1

IF (KS+K)105,103,105

KS=KS+1

IF (KS-X)105,104,105

THETA(J)=.5DC*TH(K)

GO TO 108

THETA(J)=1.5D0*TH(K)

GO TO 108

T (DLT(K)*DLT(KK))107,13,106

AK=KK'1

GO TO 105

THETA (J)=TH(K) +DLT(K) * (TH(K) -TH (KK) ) / (DLT(KK) -DLT(K))
IF (DABS(THETA(J)-TH(X))-1.D-4)13,13,108

CONTINUE . y

. ALPHA(J)=ALPHA(JJ)

c(I=Cc(II)

IF (§53)112,112,45

IF (1.DO-ALPHA(J))79,143,143

IF (5S1+8S52)57,57,79

IF (N-M)66,83,46

GMA=GAM(ALPHA(J))

KS=0

DO 56 K=1,50

KK=K--1

SR=0.D0

DO 69 I=MRP,M

SR=SR+1.D0/(T(1)-C(J))

IF (N-M+MR)66,80,81
DLC(K)=(1.D0O-ALPHA (J) )*SR+EM/THETA (J)

GO TO 82
GMATI=GAMI{(T(M)-C(J))/THETA(J),ALPHA(J))
GMAI2=GAMI((T(MRP)-C(J))/THETA(J),ALPHA(J))




82
51
90

91

52

53

54

55

67
68
56

57
112

113

114
115
116
58

92

96

98

99

DLC(K)=(1.DO-ALPHA(J))*SR+(EM~EMR) /THETA(J)+
(EN-EM) * (T (M) -C(J) )**(ALPHA(J)-1.D0) *
DEXP(~(T(M)--C(J))/THETA(J))/(THETA(J)**ALPHA(J) *
(GMA-GMAI) ) ~EMR* (T(MRP)-C(J) ) **(ALPHA(J)~-1.D0) ° ‘
*DEXP (- (T(MRP)-C(J))/TH ETA(J))/(THETA(J)**ALPHA(J)*GMAIQ)
CE(K)=C(J) : ,
IF (DLC(K))90,112,91
KS=KS-1
IF (KS+K)54,52,54
KS=KS+1
IF (KS-K)54,53,54
C(J)=.5D0*CE(K)
GO TO 68
C(J)=CE(K)+.5D0*(T(1)-CE(K))
GO TO 68
IF (DLC(K)*DLC(KK))67,112,55
KK=KK-1 -
GO TO 54
c(J)—CE(x)+DLc(K)*(CE(K)—CE(KK))/(DLC(KK) DLC(K))
IF (DABS(C(J) CE(K)) 1.D- 4)112 112,56
CONTINUE '
GO TO 112
€(3)=T(1) .
IF (MR)66,112,58
DO 115 I=1,M
IF (C(J)+1.D-4-T(I))116,114, 114
MR=MR+1
C(1)=T(1)
IF (MR)66,58,86
S1=0.D0
SL=0.D0
DO 92 I=MRP,M
S1=S1+T(I)-C(J
SL=SL+DLOG(T(I)-C(J))
GMA=GAM(ALPHA(J))
IF(N-M+MR) 66,98, 96
GMAI=GAMI((T(M)+C(J))/THETA(J),ALPHA(J))
GMAI2=GAMI ({T(MRE)~-C(J))/THETA(J) ,ALPHA(J))
EL=ELNM-EM*DLOG (GMA) -EM*ALPHA (J) *DLOG(THETA(J) y+ (ALPHA(J)-1.D0) *SL
1-S1/THETA(J)

IF (N-M+MR)66,100,99

EL=EL+(EN-EM) * (DLOG (GMA-GMAI) DLOG(GMA))

[7O 0 & I




100

60
61
62
63

66

1+EMR*ALPHA(J)*DLOG(THETA(J))+EMR*DLOG(GMAI2)

N

TSJ=THETA(J)

ASJ=ALPHA(J)

CSJ=C(J)

IF (J-2)63,60,60
IF(DABS(C(J)-C(JJ))-1.D-4)61,61,63

IF(DABS (THETA(J)-THETA(JJ))-1.D-4)62,62,63
IF(DABS(ALPHA(J)-ALPHA(JJ))-1.D-4)4,4,63
CONTINUE

CONTINUE

RETURN

END

DOUBLE PRECISION FUNCTION GAM(Y)

DOUBLE PRECISION G,Z,DLOG,DEXP,Y

Z=Y

G=0.D0

IF (2-9.D0)2,2,3

G=G-DL0G(Z)

Z=Z+1.D0

GO TO 1
GAM=G+(Z-~.5D0)*DL0OG(Z)-Z+.5D0*DL0OG(2.D0*3.141592653589793D0)+1.D0/(12.D0*Z;
-1.D0/(360.D0*Z**3)+1.D0/(1260.D0*Z**5)~1.D0/ (1680 .DO*Z*x*
7)+1.D0/(1188.D0*Z*%9)-691.D0/ (360360 .D0O*Z*%11)+1.D0/ (156.D0*Z**13
)

GAM=DEXP (GAM)

RETURN

END

FUNCTION DGAM

DOUBLE PRECISION FUNCTION DGAM(Y)

DOUBLE PRECISION DG,Z,Y,DLOG,GAM

Z=Y '

DG=0.C0

IF (2-9.D0)2,2,3

DG=DG-1.D0/2Z

Z=Z+1.D0

GO TO 1

DGAM=DG+(Z~-.5D0) /Z+DL0OG(Z)-1.D0-1.D0/ (12.D0*Z**2)+1.D0/ (120 .DO*Z**
4)-1.D0/(252.D0*Z**6)+1.D0/ (240 .DO*Z**8)~-1.D0/ (132.DO*Z**10)
+691.D0/(32760.D0*Z*x12)-1.D0/ (12.D0*Z**14)

DGAM=DGAM*GAM(Y)




RETURN
END

c FUNCTION DGAMI
' DOUBLE PRECISION FUNCTION DGAMI(W,Z)
DOUBLE PRECISION U,V,W,Z,SU,ELL
DIMENSION U(50),V(50)
U(1)=W**Z*DLOG (W) /Z
V(1) =W*xZ/Z**2
SU=U(1)-V(1)
DO 1 L=2,50
LL=L-~1
ELL=LL
U(L)=(-U(LL)*W/ELL)*(Z+ELL~1.D0) /(Z+ELL)
V(L)=-V(LL)*W*(Z+ELL-1.D0) **2/ ((Z+ELL)**2%ELL)

1 SU=SU+U(L)-V(L)
DGAMI=SU
RETURN
END

C " FUNCTION GAMI

DOUBLE PRECISION FUNCTION GAMI(W,Z)

DOUBLE PRECISION U,W,Z,SU,ELL

DIMENSION U(50)

U(1)=WxxZ/Z

SU=U(1)

DO 1 L=2,50

LL=L-1

ELL=LL : B , E

U(L)=(-U(LL)/ELL) *W*(Z+ELL-1.D0) / (Z+ELL)
1 SU=SU+U(L)

GAMI=SU

‘RETURN

END

C sk s ok oo ook ook o Aok o 3o o K o ook K o R ok SRk ko ok ok ko ok ok sk ok ok ok

C % THIS SUBROUTINE IS FOR MINIMUM DISTANCE ESTIMATION *
C  sskokabkdokkaiohook otk ok sk ok sk ook ok Ak ok kool s ook e skl s ook Aok o o ok Kok ook ok sk ok ok

SUBROUTINE MINDIS(ASJ,CSJ,TSJ,CKS,CCVM,CAD)
DOUBLE PRECISION ASJ,CSJ,TSJ,AHAT,THAT,CHAT,CKS,CCVM,CAD,X2
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10

160

INTEGER ICKE,IKS1,ICV1,IAD1
COMMON/MIN/IN

COMMON/MIN1/XNCDF(50) ,DIFKS,I,IKS,IKS1
COMMON/MIN2/DIFCVM,ICVM,ICV1
COMMON/MIN3/DIFAD,IAD,IAD1
COMMON/VALUE/P(100)

AHAT=AS]J

CHAT=CSJ

THAT=TSJ

N = IN

DO 10 I=1,N

XNCDF(I)=0.0

CONTINUE

COMPUTE MINIMUM DISTANCE ESTIMATES FOR L?CATION

 DIFKS = 9999999.99 |
DIFCVM= 9999999.99
DIFAD = 9999999.99 'f
IKS=0 *
ICVM = 0 |
IAD = 0 ,
X2 = P(1)-.0001 }
CHAT = X2 ,
IKS1 = 0 !
ICVL = 0

" IAD1 = 0

DO 200 I = 1,200
X2 = X2 - .01

DO 160 L=1,N
ANORM=(P(L)=X2)/TSJ
X1=ASJ

XNCDF (L) =GAMDF (ANORM, X1)
IF(XNCDF(L) .EQ.0.) THEN
XNCDF (L) =XNCDF (L) +.0001
NZERO=NZERO+1

END IF

IF(XNCDF(L) .EQ.1.) THEN
XNCDF (L) =XNCDF (L)~-.0001
NONE=NONE+1

END IF

CONTINUE

IF (IKS1 .EQ. 1) GO TO 182




CALL WKS(N)
182 CONTINUE
IF (Icvi .EQ. 1) GO TO 183
CALL WCVM(N) :
183  CONTINUE
IF (IAD1 .EQ. 1) GO TO 198
CALL WAD(N)
198 CONTINUE
ICKE = IKS1+ICV1+IAD1 _
IF (ICKE .EQ. 3} GO TO 201
200 CONTINUE
201 CONTINUE
CKS = CHAT - 0.01*(IKS-1)
CCVM = CHAT - 0.01*(ICVM-1)
CAD = CHAT ~ 0.01*(IAD-1)
RETURN
END

C *#x WEIGHTED K-S - ***

SUBROUTINE WKS (N)

COMMON/MIN1/XNCDF(50) ,DIFKS,I,IKS,IKS1

TOP = 0.0

" BOT = 0.0

XN = N

DO 10'L = 1,N

RL = L -

IF (RL/XN-XNCDF(L) .GT. TOP) TOP = RL/XN - XNCDF(L)

IF (XNCDF(L)-(RL-1)/XN .GT. BOT) BOT = XNCDF(L) - (BL-1)/XN
10 CONTINUE

DIF = TOP

IF(BOT .GT. DIF) DIF = BOT
IF(DIF .LT. DIFKS) GO TO 20
IKS1 = 1
RETURN
20 1KS=I
DIFKS = DIF
RETURN
END

C *xx WEIGHTED C-V M *x*x
SUBROUTINE WCVM(N)
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10

20

C **x

10

20

COMMON/MIN1/XNCDF(50) ,DIFKS,I,IKS,IKS1
COMMON/MIN2/DIFCVM, ICVM,ICV1

XN = N
DFCVM =
D3 10 M
XM =M
DFCVM = DFCVM + (XNCDF(M) - (2.%XM - 1.; / (2.%XN))*x2
CONTINUE : '

DFCVM = DFCVM + 1./(12.%*XN)

IF(DFCVM .LT. DIFCVM) GO TO 20

ICVl1 = 1

RETURN
DIFCVM
ICVM =
RETURN
END

0.9
= 1,N

DFCVM

o]

ANDERSON-DARLING *#*x
SUBROUTINE WAD(N)

COMMON/MIN1/XNCDF(50) ,DIFKS,I,IKS,IKS1
COMMON/MIN3/DIFAD,IAD,IAD1

DFAD = 0.0

DO 10 K = 1,N

RK = K

JK=N+1-K

IF(XNCDF(JK) .GE. 1.0) XNCDF(JK) = .999999999
DFAD = DFAD + (2.*RK-1.)*(LOG(XNCDF(K))+L0G(1.-XNCDF(JK)))
CONTINUE

DFAD = ABS(-DFAD/N-N)

IF(DFAD .LT. DIFAD) GO TO 20

IAD1 = 1

RETURN

DIFAD = DFAD

IAD = I

RETURN

END
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Appendiz B. COMPUTER PROGRAMS

B.1  Power Study

C

405

THIS PROGRAM IS A SAMPLE FOR POWER STUDY (SHAPE=1)

PROGRAM AD

" COMMON/VALUE/P(100)

COMMON/RAY/T(100)
COMMON/MIN/IN

COMMON/MIN1/XNCDF(60) ,DIFKS,I,IKS,IKS1
COMMON/MIN2/DIFCVM,ICVM,ICV1
COMMON/MIN3/DIFAD,IAD,IAD1
COMMON/MANA/N,SS1,852,5S3,M,C1,T1,A1,MR
DOUBLE PRECISION DSEED,T,C1,T1,A1,CSJ,ASJ,TSJ
DOUBLE PRECISION CKS,CCVM,CAD

REAL ALPHA20,ALPHA15,ALPHA10,ALPHAOS,ALPHAO1,VAR1,MU
DIMENSION FX(60),AA(5000),XX(5002),YY(5002)
INTEGER REP,PP

DSEED=1500.000

MR=0

NONE=0

NZERO=0

ALPHA20=0.

ALPHA15=0.

ALPHA10=0.

AUPHA05=0.

ALPHAO1=0.

REP=5002

NOS=REP-2 e

NUM=REP-2

YY(1)=0. -

YY(REP)=1.

DO 405 L=2,REP-1
YY(L)=((L-1)-.5)/NOS

CONTINUE

CALL RNSET(DSEED)

DO 300 SS=1,10

DO 100 PP=5,30,5
PRINT*, "PP",PP

N=PP

M=N




401

719

402 -

718

403

IN=K
DC 99 KK=1,5000

CALL GGAMR(DSEED,A1,N,G,P)
SS1=1

882=0

§83=1

C1=10

Al=1,

Ti=1

IF (SS.EQ.1) GOTO 401
IF (SS.EQ.2) GOTO 402
IF (SS.EQ.J3) GOTO 403
IF (SS.EQ.4) GOTO 404
IF (3S.EQ.5) GOTO 406
IF (SS.EQ.6) GOTO 407
IF (SS.EQ.7) GOTO 408
IF (SS.EQ.8) GOTO 409
IF (SS.£Q.9) COTO 410
IF (SS.EQ.10) GOTO 411

CALL RNGAM(N,A1,P)
DO 719 Ik=1,N
P(IK)=T1*P(IK)+C1
IF (KK.LT.3) THEN
PRINT*,"P" ,KK,P(IK)
ENDIF

CONTINUE

GOTO 777

A2=2.5

CALL RNGAM(N.A2,P)
DG 718 IK=1,N
P(IK)=T1*P(IK)+C1
IF (KK.LT.3) THEN
PRINT*,"P",KK,P(IK)
ENDIF

CONTINUE

GOTO 777

A3=4,

CALL RNGAM(N,A3,P)




————

717

404

716

406

715

407

709

408

DO 717 IK=1,N
P(IK)=T1*P(IK)+C1
IF (KK.LT.3) THEN
PRINT*,"P" ,KK,P(IK)
ENDIF

CONTINUE
GOTO 777

A2=2,
CALL RNWIB(N,A2,P)
DO 716 IK=1,N
P(IK)=T1*P(IK)+C1
IF (KK.LT.3) THEN
PRINT=*,"P" KK,P(IK)

ENDIF

CONTINUE

GOTO 777

A3=3,

CALL RNWIB(N,A3,P)
DO 715 IK=1,N _
P(IK)=T1*P(IK)+C1
IF (KK.LT.3) THEN
PRINT*,"P" ,KK,P(IK)
ENDIF

CONTINUE
GOTQ 777

CALL RNUN(N,P)

DO 709 IK=1,N
P(IK)=5+P(IK)+C1

IF (KK.LT.3) THEN
PRINT*,"P" ,KK,P(IK)
ENDIF

CONTINUE
GOTO 777
XM=0,
52=1,

CALL RNLNL(N,XM,S2,P)

DO 713 IK=1,N




713

409

.T12

410

711

411

710

777

P(IK)=P(IK)+C1

IF (KK.LT.3) THEN
PRINT*,"P" ,KK,P(IK)
ENDIF

CONTINUE

GOTO 777

XM=0.

$2=2.

CALL RNLNL(N,XM,S2,P)
DO 712 IK=1,N
P(IK)=P(IK)+C1

IF (KK.LT.3) THEN
PRINT*,"P",KK,P(IK)
ENDIF

CONTINUE

GOTO 777

PIN=1.0

QIN=1.0

CALL RNBET(N,PIN,QIN,P)
DU 711 IK=1,N
P(IK)=P(IK)+C1

IF (KK.LT.3) THEN

" PRINT=,"P",KK,P(IK)

ENDIF

CONTINUE

GOTO 777

PIN=2.0

QIN=2.0

CALL RNBET(N,PIN,QIN,P)
DO 710 IK=1,N
P(IK)=P(IK)+C1

IF (KK.LT.3) THEN
PRINT*,"P" ,KK,P(IK)
ENDIF

CONTINUE

CALL VSRTA(P,N)

CALL SVRGN(N,P,P)
DO 3 II=1,N
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333

500

99

X1=ASJ

. END IF

T(I1)=P(1I)

CONTINUE

CALL GAMMLE(CSJ,TSJ,ASJ)

IF (KK.LT.5) THEN '
PRINT*,"C T A",CSJ,TSJ,ASJ

~ENDIF '

CALL MINDIS(ASJ,CSJ,TSJ,CKS,CCVM,CAD)
IF (KK.LT.5) THEN
PRINT*,"nin",CKS,CCVM,CAD

ENDIF

C1=CAD

. 883=0

CALL GAMMLE(CSJ,TSJ,ASJ)
IF (KK.LT.5) THEN
PRINT*,"C T A son",CSJ,TSJ,AS]
ENDIF ’
DO 333 L=1,N
W=(T(L)-CSJ)/TS]

FX(L)=GAMDF (W,X1)
IF(FX(L).EQ.0.) THEN
FX(L)=FX(L)+.0001
NZERO=NZERO+1

IF(FX(L).EQ.1.) THEN
FX(L)=FX(L)-.0001
NONE=NOUNE+1

END IF

CONTINUE
WAD=0.
XN=N

DO 500 I=1,N

XI=1
WAD=WAD+(2.*XI-1.)*(LOG(FX(I))+L0G(1.-FX(N+1-I)))
CONTINUE

WAD=(-WAD/XN) -XN

AA(KK)=WAD

CONTINUE

CALL SVRGN(5000,AA,AR)
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400

501

78

502

79

503

85

504

DO 400 L=1,REP-2
XX(L+1)=AA(L)

CONTINUE

IF (PP.EQ.
IF (PP.EQ.
IF (PP.EQ.
IF (PP.EQ.

. IF (PP.EQ.
- IF (PP.EQ.
IF (PP.EQ.

IF. (PP.EQ.

DO 78 Z=1,

5) GOTO 501

10) GOTO
15) GOTO
26) GOTO
25) GOTO
30) GOTO
35) GOTO
40) GOTO
REP

502
503
504
506
507
508
509

COMPARE WITH CRITICAL VALUES

-

IF (AA(Z).
IF (AA(Z).
IF (AA(Z).
IF (AA(Z).
IF (AA(Z)
CONTINUE
GOTO 365
DO 79 Z=1,
IF (AA(Z).
IF (AA(Z).
IF (AA(Z).
IF (AA(Z).
IF (AA(Z).
CUNTINUE

- GOTO 365

DO 85 Z=1,
IF (AA(Z).
IF (AA(Z).
IF (AA(Z).
IF (AA(Z).
IF (AA(Z).
CONTINUE

GOTO 365

DO 80 z=1,
IF (AA(Z).
IF (AA(Z).
IF (AA(Z).

.GE.

GE.
GE.
GE.
GE.

» O O O O

REP
GE.
GE.
GE.
GE.
GE.

o e OO

REP
GE.
GE.
GE.
GE.
GE.

N = e

REP

.06126)
.17946)
.35270)
.61627)
.07047)

GE. 1.23485)
GE. 1.35969)
GE. 1.53478)

.674343) ALPHA20=ALPHA20+1
.726905) ALPHA15=ALPHA15+1
.801290) ALPHA10=ALPHA10+1
.904187) ALPHAOS5=ALPHA05+1
.1562740) ALPHAO1=ALPHAO1+1

.799794) ALPHA20=ALPHA20+1

.894774) ALPHA15=ALPHA15+1
.016620) ALPHA10=ALPHA10+1
.211040) ALPHAO5=ALPHA05+1
.603610) ALPHAC1=ALPHAO1+1

ALPHA20=ALPHA20+1
ALPHA15=ALPHA15+1
ALPHA10=ALPHA10+1
ALPHAO0S=ALPHAOS+1
ALPHAC1=ALPHAO1+1

ALPHA20=ALPHA20+1
ALPHA15=ALPHA15+1
ALPHA10=ALPHA10+1
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80

506

81

507

82

508

83

509

84
365

IF (AA(Z).GE.
IF (AA(Z).GE.
CONTINUE

GOTO 365

DO 81 Z=1,REP
IF (AA(Z).GE.
IF (AA(Z).GE.
IF (AA(Z).GE.
IF (AA(2).GE.
IF (AA(Z).GE.
CONTINUE

GOTO. 365

DO 82 Z=1,REP
IF (AA(Z).GE.
IF (AA(Z).GE.

- IF (AA(Z) .GE.

IF (AA(2Z).GE.
IF (AA(Z).GE.
CONTINUE
GOTO 365 .

DG 83 Z=1,REP
IF (AA(Z).GE.
IF (AA(Z).GE.

"IF (AA(Z).GE.

IF (AA(Z).GE.
IF (AA(Z).GE.
CONTINUVE

GOTO 365

DO 84 Z=1,REP
IF (AA(Z).GE.
IF (AA(Z).GE.
IF (AA(Z).GE.
IF (AA(Z).GE.
IF (AA(Z).GE.
CONTINUE

PRINT*,"SS =

.80224)
.31085)

DN

.34786)
.48064)
.66627)
.97667)
.56099)

[N R ST O S N 8

.49442)
.65071)
.84893)
.17056)
.90480)

NN e

.61408)
.79560)
.00810)
.36925)
.94969)

N NN -

.79139)
.97671)
.19041)
.54939)
.35005)

W NN =

ll’SS’"

ALPHAOS=ALPHAQS+1
ALPHAO1=ALPHAO1+1

ALPHA20=ALPHA20+1

ALPHA15=ALPHA15+1
ALPHA10=ALPHA10+1
ALPHAOG5=ALPHA0S+1
ALPHAO1=ALPHAO1+1

ALPHA20=ALPHA20+1
ALPHA15=ALPHA15+1
ALPHA10=ALPHA10+1
ALPHAOS5=ALT JAO5+1
ALPHAO1=ALPHAO1+1

ALPHA20=ALPHA20+1
ALPHA15=ALPHA15+1
ALPHA10=ALPHA10+1
" ALPHAO5=ALPHAQ5+1
ALPHAO1=ALPHAO1+1

ALPHA20=ALPHA20+1
ALPHA15=ALPHA15+1
ALPHA10=ALPHA10+1
ALPHAOS=ALPHAOS+1
ALPHAO1=ALPHAO1+1

PP ",PP

PRINT*, "ALPHA20" ,ALPHA20/REP
PRINT*,"ALPHA15",ALPHA15/REP
PRINT*,"ALPHA10",ALPHA10/REP
PRINT*, "ALPHA0S" , ALPHAOS/REP
PRINT*,"ALPHAO1" ,ALPHAO1/REP

~ ALPHA20=0.

‘\.




ALPHA15=0.
ALPHA10=0.
ALPHA05=0.
ALPHAO01=0.
100  CONTINUE
300  CONTINUE
END

SUBROUTINE ENDPT(XX,YY,REP,NUM)
INTEGER REP

DIMENSION XX(5002),YY(5002)
SLOPE=(YY(2)-YY(3))/(XX(2)~-XX(3))
B=YY(2)-SLOPE*XX(2)

V1=-B/SLOPE

IF(V1.LT.0.)THEN

Vi=0.

ENDIF

XX(1)=Vv1

SLOPE=(YY (NUM)-YY(NUM+1) )/ (XX (NUM) ~-XX (NUM+1))
B1=YY (NUM) -SLOPE*XX (NUM)

V2=(1.-B1)/SLOPE

XX(REP)=V2

RETURN

END

SUBROUTINE GAMMLE(CSJ,TSJ,ASJ)
COMMON/RAY/T(100)
COMMON/MANA/N,SS1,S52,583,M,C1,T1,A1,MR
DOUBLE PRECISION T,C,THETA,ALPHA,DLT,DLC,CE,TH,EN,EM,ELNM
DOUBLE PRECISION EMR,EI,D2T,DT,D2A,DA,D2C,DC,ENS,GAM,GMA,GAMI ,GMAT
DOUBLE PRECISION GMAI2,DEXP,DABS,DLOG,SL,SR,S1
DOUBLE PRECISION EL,CSJ,TSJ,ASJ,C1,T1,Al
DIMENSION C(1100),THETA(1100),ALPHA(1100)
DIMENSION DLT(50),DLC(50),CE(50),TH(50)
J1=20
JH=20
c(1)=C1
THETA(1)=T1
ALPHA (1)=A1
9 EN=N
EM=M

B-8




87

T 110
: 89

SR : 111
139
117

118

S 135

o 119
. 120
— - ©121

136
122

o 123
e 124

140
' 141
R 137

125
126

109

ELNM=0.D0
EMR=MR
MRP=MR+1
NM=N-M+1

DO 88 I=NM,N

EI=I

ELNM=ELNM+DLOG(EI)
IF(MR) 66,89,109
DO 110 I=1,MR

"EI=I

ELNM=ELNM-DLOG(EI)

DO 63 J=1,1100

IF (J-1) 66,112,111

JI=J-1

IF (J-JI) 6,139,139

IF (J/JH-JJ/JH) 6,6,117

J2=3-2

J3=J-3

IF(SS1) 119,119,118
D2T=THETA(JJ)-2. DO*THETA(J2)+THETA(JS)
DT=THETA(JJ)~-THETA(J2)

IF(D2T) 135,119,135
NT=DABS(DT/D2T)

GO TO 120

NT=999999

IF(SS2) 122,122,121

D2A=ALPHA (JJ)~2.DO*ALPHA (J2)+ALPHA (J3)
DA=ALPHA(JJ)-ALPHA(J2)

IF(D2A) 136,122,136
NA=DABS(DA/D2A)

G0 TO 123

NA=999999

IF(SS3) 125,125,124
D2C=C(JJ)-2.D0*C(J2)+C(J3)
DC=C(JJ)-C(J2)

IF (C(J1)+0.00005-T(1))140,125,125
IF (C(JJ)-0.00005)125,125,141

IF (D2C)137,125,137
NC=DABS(DC/D2C)

GO TO 126

NC=999999

IF ((NT.LT.NC).AND. (NT LT.NA)) _THEN




142
138

130
133

134

73

74

MIN=NT

ELSEIF (NC.LT.NA) THEN
MIN=NC

ELSE
MIN=NA

ENDIF

NS=2*MIN
IF(NS)6,6,142
IF(NS-999999) 138,6,6
ENS=NS
THETA(J)=THETA(JJ)+(DT+.25D0* (ENS+1.D0)*D2T)*ENS
IF (THETA(J).GT.1.D-4) THEN '
THETA (J)=THETA(J)
ELSE
THETA(J)=1.D-4
ENDIF
ALPHA(J)=ALPHA(JJ)
IF (SS3) 133,133,134
c(3)=Cc(3I)
GO TO 112
C(J)=C(JJ)+(DC+.25D0* (ENS+1.D0)*D2C)*ENS
IF (C(J).GT.0.D-4) THEN
c(I=cQ)
ELSE
c(J)=0.D-4
ENDIF
IF (C(J).LT.T(1)) THEN
c(I)=c(I)
ELSE
c(I)=T)
ENDIF
IF ((1.DO-EMR)*C(J)-T(1))112,6,6
THETA(J)=THETA(JJ)
IF (SS1)13,13,7
$1=0.D0
DO 8 I=MRP,M
S1=S1+T(I)-C(JJ)
IF (N-M+MR)66,73,74
THETA(J)=S1/(EM*ALPHA(JJ))
G0 TO 13
GMA=GAM(ALPHA(JJ))
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" KS=0

W N

101
102
103
104

108
106

107

108
13
44
85

.45

143
79
46
83

69

80

DO 108 K=1,5000
KK=K-1

GMAI=GAMI((T(M)-C(JJ))/THETA(]), ALPHA(JJ))

GMAI2=GAMI ((T(MRP)-C(JJ))/THETA(J),ALPHA(JJ))
DLT(K)=-EM*ALPHA(JJ) /THETA (J)+S1/THETA(J) **2+

(EN-EM) * (T (M) -C(J3J) ) **ALPHA(J J) *DEXP((C(JJ)
~T(M))/THETA(J))/(THETA(J) ** (ALPHA(JJ)+1.D0) * (GMA-GMAI)) +EMR*ALPHA(JJ)

- /THETA(J)-EMR* (T (MRP)~-C (JJ) ) **ALPHA (JJ)*DEXP((C(JJ)~T(MRP))

/THETA(J))/(THETA(J) **(ALPHA(JJ)+1.D0)*GMAI2)
TH(K)=THETA(J) _
IF (DLT(K))101,13,102

KS=KS-1

IF (KS+K)105,103,105

KS=KS+1

. IF (KS-K)105,104,105

THETA(J)=.5DO*TH(K)

GO TO 108
THETA(J)=1.5D0*TH(K)

GO TO 108

IF (DLT(K)*DLT(KK))107,13,106

. KK=KK-1

GO TO 105
THETA(J’-TH(K)+DLT(K)*(TH(K)-TH(KK))/(DLT(KK)-DLT(K))
IF (DABS(THETA(J)-TH(K))~1.D-4)13, 13,108

CONTINUE

ALPHA(J)=ALPHACJJ)

Cc(3)=C(3J) _

IF (SS3)112,112,45

IF (1.DO-ALPHA(J))79,143,143

IF (SS1+5582)57,57,79 '

IF (N-M)66,83,46

GMA=GAM(ALPHA(J))

KS=0

DO 56 K=1,50

KK=K-1

SR=0.D0

DO 69 I=MRP,M

SR=SR+1.D0/(T(I)-C(1))

IF (N-M+MR)66,80,81
DLC(K)=(1.DO-ALPHA(J))*SR+EM/THETA(J)

GO TO 82
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81

51
90

91

52

53

54
55

67
68
56

57

112
113
114
115

116
58

92

96

98

GMAI=GAMI ((T(M)-C(J))/THETA(J),ALPHA(J))
GMAI2=GAMI((T(MRP)-C(J))/THETA(J),ALPHA(J))
DLC(K)=(1.D0-ALPHA(J))*SR+(EM-EMR) /THETA(J)+
1 (EN-EM)*(T(M)-C(J))**(ALPHA(J)~-1.D0)*
4 DEXP(-(T(M)-C(J))/THETA(J))/(THETA(J)**ALPHA(J)*
2 (GMA-GMAI))-EMR*(T(MRP)-C(J))**(ALPHA(J)~1.D0)
3 *DEXP(-(T(MRP)-C(J))/TH ETA(J))/(THETA(J)**ALPHA(J)*GMAI2)
82 CE(K)=C(J) o
IF (DLC(K))90,112,91
KS=KS-1
IF (KS+K)54,52,54
KS=KS+1
IF (KS-K)54,53,54
C(J)=.5D0*CE(K)
GO TO 68
C(J)=CE(K)+.5D0*(T(1)~-CE(K))
GO TO 68
IF (DLC(K)*DLC(KK))67,112,55
KK=KK-1
GO TO 54
C(J)=CE(K)+DLC(K) * (CE(K)~-CE(KK) )/ (DLC(KK)-DLC(K))
IF (DABS(C(J)-CE(K))-1.D-4)112,112,56
CONTINUE
GO TO 112
C(IN=T(1)
IF (MR)66,113,58
DO 115 I=1,M :
IF (C(J)+1.D-4-T(I))116,114,114
MR=MR+1
C(1)=T(1)
IF (MR)66,58,86
$1=0.D0
SL=0.D0
DO 92 I=MRP,M
S1=S1+T(I1)-C(J)
SL=SL+DLOG(T(I)-C(J))
GMA=GAM(ALPHA(J))
IF (N-M+MR)66,98,96
GMAI=GAMI((T(M)~-C(J))/THETA(J) ,ALPHA(J))
GMAI2=GAMI((T(MRP)-C(J))/THETA(J),ALPKA(]))
EL=ELNM-EM*DLOG (GMA) -EM*ALPHA (J3)*DLOG (THETA (J) )+ (ALPHA(J)-1.D0)*SL
1-S1/THETA(J)
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99

100

60
61
62
63

66

1+EMR*ALPHA (J)*DLOG (THETA (J) ) +EMR+*DLOG (GMAI2)

N

IF (N-M+MR)66,100,99
EL=EL+(EN-EM) * (DLOG(GMA-GMAT) -DLOG (GMA) )

TSI=THETA(J)

ASJ=ALPHA(J)

€sJ=C(J)

IF (J-2)63,60,60
TF(DABS(C(J)-C(3J))-1.D-4)61,61,63
IF(DABS(THETA(J)-THETA(JJ))-1.D-4)62,62,63
IF(D2ES(ALPHA(J)-ALPHA(JJ))-1.D-4)4,4,63
CONTINUE

CONTINUE -

RETURN

END

DOUBLE PRECISION FUNCTION GAM(Y)

DOUBLE PRECISION G,Z,DLOG,DEXP,Y

=y

G=0.D0

IF (Z-9.D0)2,2,3

G=G-DL0G(Z)

Z=Z+1.D0

GO TO -
GAM=G+(2-.5D0)*DL0G(Z)-Z+.5D0*DLOG(2.D0*3. 141592653589793D0)+1.D0/ (12.D0"
-1.D0/(360.D0*Z**3)+1.D0/(1260.D0*Z**5)-1,D0/ (1680 .DO*Z** '
7)+1.D0/(1188.D0*Z**9)-691.D0/ (360360 .D0O*Z**11)+1.D0/ (156.D0*Z**13

) ;

GAM=DEXP (GAM)

RETURN

B o .- . ]

FUNCTION DGAM

DOUBLE PRECISION FUNCTION DGAM(Y)

DOUBLE PRECISION DG,Z,Y,DLOG,GAM

=Y '

DG=0.D0

IF (2-9.D0)2,2,3

DG=DG-1.D0/Z

Z2=Z2+1.D0

GO TO 1 '

DGAM=DG+(Z-.5D0) /Z+DLOG(Z)-1.D0-1.D0/(12.D0*Z**2)+1.D0/ (120 .DO*Z**
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1
2

4)-1.D0/(252.D0*Z**6)+1.D0/ (240 .D0*Z**8)~1.D0/(132.DU*Z**10)
+691.D0/(32760.D0*Z**12)-1.D0/(12.D0*Z**14)
DGAM=DGAM*GAM(Y)
RETURN
END

FUNCTION DGAMI

DUOUBLE PRECISION FUNCTION DGAMI(W,Z)
DOUBLE PRECISION U,V,W,Z,SU,ELL
DIMENSION U(50),V(50)
U(1)=Wx*Z*DLOG(W)/Z

V(1) =WxZ/Zx*2

SU=U(1)-v(1)

DO 1 L=2,50

LL=L-1

ELL=LL
U(L)=(-U(LL)*W/ELL)*(Z+ELL-1.D0)/(Z+ELL)
V(L)=-V(LL) *W*(Z+ELL-1.D0) *%2/((Z+ELL)**2+ELL)
SU=SU+U(L)-V(L)

DGAMI=SU

RETURN

END

FUNCTION GAMI

DOUBLE PRECISION FUNCTION GAMI(W,Z)
DOUBLE PRECISION U,W,Z,SU,ELL
DIMENSION U(50)

U(1)=W**Z/Z

U=U(1)

D0 1 L=2,50

\L=L-1

LL=LL

(L)=(-U(LL)/ELL)*W* (Z+ELL-1.D0)/(Z+ELL)
=SU+U(L)

SUBROUTINE MINDIS(ASJ,CSJ,TSJ,CKS,CCVM,CAD)
DOUBLE PRECISION ASJ,CSJ,TSJ,AHAT,THAT,CHAT,CKS,CCVM,CAD,X2
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e e
'

10

INTEGER ICKE,IKS1,ICV1,IAD1
COMMON/MIN/IN
COMMON/MIN1/XNCDF (60) ,DIFKS,I,IKS,IKS1
COMMON/MIN2/DIFCVM,ICVM,ICV1
COMMON/MIN3/DIFAD,IAD,IAD1
COMMON/VALUE/P(100)

AHAT=ASJ

CHAT=CSJ

THAT=TSJ

N = IN

DO 10 I=1,N

XNCDF (I)=0.0

CONTINUE

~ COMPUTE MINIMUM DISTANCE ESTIMATES FOR LOCATION

DIFKS = 9999999.99
DIFCVM= 9999999.99
DIFAD = 9999999.99
IKS=0 '
ICVM = 0

IAD = 0. .
X2 = P(1)-.0001
CHAT = X2

IKS1 = 0

ICV1 = 0

IAD1 = O

DO 200 I = 1,200
X2 = X2 - .01

DO 160 L=1,N

ANORM=(P(L)-X2)/TSJ e

X1=ASJ :
XNCDF (L) =GAMDF (ANORM, X1)
IF(XNCDF(L) .EQ.0.) THEN
XNCDF (L) =XNCDF(L)+.0001
NZERO=NZERO+1

END IF
IF(XNCDF(L).EQ.1.) THEN
XNCDF (L)=XNCDF(L)-.0001
NONE=NONE+1

END IF
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160 CONTINUE
IF (IKS1 .EQ. 1) GO TO 182
CALL WKS(N)
182 CONTINUE
IF (ICcvi .EQ. 1) GO TO 183
CALL WCVM(N)
183 CONTINUE
IF (IAD1 .EQ. 1) GO TO 198
CALL WAD(K)
198 CONTINUE -
ICKE = IKS1+ICV1+4IAD1
IF (ICKE .EQX 3) GO TO 201
200 CONTINUE
201 CONTINUE
CKS = CHAT - 0.01%(IKS-1)
CCVM = CHAT - 0.01%(ICVM-1)
CAD = CHAT - 0.01%(IAD-1)
RETURN
'END

C *** WEIGHTED K-S #**x
 SUBROUTINE WKS(N)

COMMON/MIN1/XNCDF(60) ,DIFKS,I,IKS,IKS1

TOP = 0.0

BOT = 0.0

XN = N

DO 10 L = 1,N

RL = L :

1F(RL/XN-XNCDF(L) .GT. TOP) TOP = RL/XN - XNCDF(L)

IF (XNCDF (L)~ (RL-1)/XN .GT. BOT) BOT = XNCDF(L) - (RL-1)/XN
10 CONTINUE :

DIF = TOP

IF(BOT .GT. DIF) DIF = BOT

IF(DIF .LT. DIFKS) GO TO 20

IKS1 = 1

RETURN
20 IKS=1

DIFKS = DIF

RETURN

END
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C *=xx

10

C *=

10

20

WEIGHTE
SUBROUT
COMMON/
COMMON/
XN = N

DFCVM =
DO 10 M
XM = M

DC-VM wxx

INE WCVM(N)

MIN1/XNCDF(60) ,DIFKS,I,IKS,IKS1
MIN2/DIFCVM,ICVM,ICV1

0.0
= 1,N

DFCVM = DFCVM + (XNCDF(M) = (2.#XM = 1.) / (2.%XN))#*2’
CONTINUE ' :

.DFCVM =

DFCVM + 1./(12.%XN)

IF(DFCVM .LT. DIFCVM) GO TO 20

Icvy =
RETURN
DIFCVM
ICVM =

1

= DFCVM
1

RETURN
END

ANDERSON-DARLING ##*

SUBROUTINE WAD(N)

COMMON/MIN1/XNCDF(60) ,DIFKS,I,IKS,IKS1
COMMON/MIN3/DIFAD, IAD,IAD?

DFAD = 0.0

DO 10K = 1,N

RK = K

JK=N+1-K

IF(XNCDF(JK) .GE. 1.0) XNCDF(JK) = .999999999
DFAD = DFAD + (2.*RK-1.)*(LOG(XNCDF(K))+L0OG(1.-XNCDF(JK)))
CONTINUE

DFAD = ABS(-DFAD/N-N)

IF(DFAD .LT. DIFAD) GO TO 20

IADL = 1

RETURN

DIFAD = DFAD

IAD = I

RETURN

END
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A new modified Anderson-Darling goodness-of-fit test is introduced for the three-parameter Gamma
distribution when the location parameter is found by minimum distance estimation and scale parameter
by maximum likelihood estimation. Monte Carlo simulation studies were performed to calculate the
critical values for A-D test when A-D statistic is minimized. These critical values are then used
for testing whether a set of observations follows a Gamma distribution when the scale and location
parameters are unspecified and are estimated from the sample. Functional relationship between the
critical values of A-D is also examined for each shape parameter by the variables, sample size (n) and
significance level (a). The power study is performed with the hypothesized Gamma against alternate
distributions. Comparison with the previous study which uses MLEs for location and scale showed

that the modified test is better in most cases.
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